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Foreword
One of the most challenging and at the same time still controversial
topics in labor economics is the effect of the minimum wage on labor
market outcomes. This research memorandum was presented at a
workshop organized by OCFEB and the Tinbergen Institute in April
2000. The focus was on recent developments in the analysis of the
minimum wage. A mix of theory and empirical papers were presented at
this workshop. The theory papers show that frictionless Walrasian
models are not able to explain the stylized facts. Instead, we need modern
economic theories which deal with imperfect information and other
market imperfections to derive novel insights into these effects. The
empirical papers show how a careful empirical analysis can shed new
lights on the magnitudes of the effects. Below we give a short overview
of all the papers that were presented at the workshop.
The Research Memorandum 0004 by Sonia Pereira (University
College London), "The impact of minimum wages on youth employment
in Portugal", is about a natural experiment in Portugal. From January 1,
1987, the legal minimum wage for workers aged 18 and 19 in Portugal
was raised to the full adult rate, generating a 49.3% increase between
1986 and 1987 in the legal minimum wage for this age group. This shock
is used  to evaluate the impact of the minimum wage change on
teenagers' employment. Her conclusion is that the rise in the minimum
wage significantly reduced employment.
The Research Memorandum 0005 of Chris Flinn (New York
University), "Interpreting minimum wage effects on wage distributions: a
cautionary tale", argues that welfare effects of minimum wage effects
can only be drawn by using empirical evidence on employment changes,
the wage distribution and a formal model in which welfare can be
defined in a meaningful and rigorous way. Flinn shows that negative
employment effects by itself do not  tell us much about the aggregate
welfare effects of the minimum wage.
The Research Memorandum 0006 of Francis Kramarz and Thomas
Philippon (University of Paris I, CREST, and MIT respectively), "The
impact of differential payroll tax subsidies on minimum wage
employment", uses changes in compensation costs and minimum wages,
to get observations of up- and down- variation in real minimum wages.
They get up-and down-movements in minimum wages in the US, with
differentiation by state, and in France an equivalent-minimum is defined,
which normalizes on the compensation cost in a base year and looks at
variations in the underlying minimum and payroll taxes to get up- and
down-variation in the equivalent minimum in France. They find no
significant effects in the United States but strong and significant effects
in France.
In the Research Memorandum 0007 by Pieter Gautier and Coen Teulings
(Erasmus University Rotterdam, Tinbergen Institute, OCFEB), "A large
piece of a small pie: minimum wages and unemployment benefits in an
assignment model with search frictions", an assignment model with
search frictions is offered that is consistent with the following stylized
facts: a spike at the minimum wage, compression of wage differentials at
a large interval above the minimum wage and small employment losses.
The introduction of a minimum wage in their model makes some matches
at the lower segments no longer profitable. In addition it leads to a
redistribution of rents from firms to low skilled workers. A minimum
wage fulfills a potential useful role in this model in the sense that it
prevents low skilled workers from accepting jobs for which they are ill
suited.
Finally, Research Memorandum 0002 by Gerard van den Berg (Free
University Amsterdam, Tinbergen Institute, CEPR, OCFEB), "Multiple
equilibria and minimum wages in labor markets with informational
frictions and heterogeneous production technologies", discusses an
equilibrium search model in which imposition of a minimum wage
affects wages even though, after imposition, the lowest wage in the
market is strictly larger than the minimum wage and there is no spike, so
that it seems that the minimum wage is irrelevant. The minimum wage
effects are a consequence of the fact that the model has multiple
equilibria. This, in turn, is because the reservation wage of the
unemployed and the lowest production technology in use affect each
other. He shows that multiplicity is an empirically relevant phenomenon,
using data from Denmark and the United States. A minimum wage policy
can be fruitfully applied to single out the desirable equilibrium.
Gerard J. van den Berg
Pieter A. Gautier
4 Lqwurgxfwlrq
Lw lv riwhq whpswlqj wr dwwhpsw wr lqihu wkh zhoiduh hhfwv ri dfwxdo plq0
lpxp zdjh fkdqjhv iurp hpslulfdo revhuydwlrqv rq suh0 dqg srvw0fkdqjh
hpsor|phqw dqg xqhpsor|phqw ohyhov dqg zdjh ru hduqlqjv glvwulexwlrqv1
Iru h{dpsoh/ plqlpxp zdjh lqfuhdvhv duh riwhq h{solflwo| ru lpsolflwo| wdnhq
wr eh ehqhfldo iru wkh lpsdfwhg srsxodwlrq li uhgxfwlrqv lq jurxs hpsor|0
phqw udwhv duh irxqg wr eh vpdoo ru srvlwlyh1 Dv dqrwkhu h{dpsoh/ dowkrxjk
d yhu| vpdoo shufhqwdjh ri X1V1 zrunhuv duh sdlg wkh plqlpxp zdjh/ odujhu
lpsdfwv rq zhoiduh rq wkh jhqhudo srsxodwlrq duh riwhq wdnhq wr uhvxow iurp
d vruw ri ulssoh hhfw iurp wkh erwwrp xs/ zklfk lq whupv ri wkh zdjh
glvwulexwlrq lwvhoi lv riwhq uhihuuhg wr dv vslooryhu1 Hpslulfdo hylghqfh wkdw
ghprqvwudwhv d fkdqjh lq wkh vkdsh ri wkh zdjh glvwulexwlrq deryh wkh plq0
lpxp zdjh lv riwhq lqwhusuhwhg dv uhvxowlqj iurp wkhvh vslooryhu hhfwv/ dqg
e| wkhlu yhu| qdwxuh wkhvh duh dvvxphg wr eh ehqhfldo iru lqglylgxdov rq
wkh vxsso| vlgh ri wkh pdunhw1
Lq wklv sdshu zh vkdoo uljrurxvo| dwwhpsw wr ghqh/ fkdudfwhul}h/ dqg
h{sodlq wkh skhqrphqrq ri vslooryhu1 Wr dffrpsolvk wklv wdvn/ zh zloo xwlol}h
d vlpsoh prgho ri vhdufk dqg edujdlqlqj lq d vwdwlrqdu| hqylurqphqw1 Zkloh
wkh prgho lv dgplwwhgo| kljko| vw|ol}hg/ lq d frpsdqlrq sdshu +Iolqq 4<<<,
zh vkrz wkdw lw fdq eh hvwlpdwhg xvlqj Fxuuhqw Srsxodwlrq Vxuyh| +FSV,
gdwd dqg wv revhuyhg zdjh dqg xqhpsor|phqw gxudwlrq glvwulexwlrqv txlwh
zhoo1 Wkxv wkh prgho dw d plqlpxp surylghv d sduvlprqlrxv dqg uhdglo|
lqwhusuhwdeoh ylhz ri wkh oderu pdunhw dv lw lv uh hfwhg lq FSV gdwd/ dqg
iru wklv uhdvrq fdq eh jlyhq vrph fuhglelolw|1 Wkh prgho lv uhdglo| dgdswhg
wr doorz iru wkh h{lvwhqfh ri elqglqj plqlpxp zdjhv udwhv1 Wkh htxloleulxp
zklfk uhvxowv iurp wkh lpsrvlwlrq ri d plqlpxp zdjh ^ru dq lqfuhdvh lq ydoxh
ri dq douhdg| elqglqj plqlpxpzdjh‘ lv urxjko| lq dffrugdqfh zlwk hpslulfdo
zrun rq wklv vxemhfw edvhg rq glvdjjuhjdwhg gdwd1 Lq sduwlfxodu/ d ihz ri wkh
lpsolfdwlrqv ri wkh prgho duh= +4, wkh h{lvwhqfh ri d suredelolw| pdvv dw wkh
plqlpxp zdjh p zlwk dq devroxwho| frqwlqxrxv glvwulexwlrq wr wkh uljkw ri
p> +5, ghfuhdvhv lq hpsor|phqw udwhv zlwk lqfuhdvhv lq wkh plqlpxp zdjh>
dqg +6, wkh srvvleoh h{lvwhqfh ri vslooryhu hhfwv lq uhvsrqvh wr d fkdqjh
lq wkh plqlpxp zdjh udwh1 Xvlqj wkh prgho/ zh zloo uljrurxvo| ghqh d
sduwlfxodu zhoiduh phdvxuh dv zhoo dv vslooryhuv14 Zh vkrz wkdw zhoiduh lq
wkh srsxodwlrq fdq lqfuhdvh hyhq wkrxjk hpsor|phqw udwhv ghfuhdvh dqg zlwk
4Wkh ghqlwlrq ri vslooryhu zh zloo xwlol}h wxuqv rxw wr eh lghqwlfdo wr krz wkh qrwlrq lv
ghqhg lq Dvvxpswlrq 4 ri Glqdugr hw do +4<<9,1 Zkloh wkh| xwlol}h wklv dvvxpswlrq lq shu0
iruplqj d vwdwlvwlfdo ghfrpsrvlwlrq ri suredelolw| ghqvlw| ixqfwlrqv/ zh zloo eh lqwhuhvwhg
lq xvlqj wkh ghqlwlrq wr irupxodwh d qrqsdudphwulf whvw iru wkh h{lvwhqfh ri vslooryhuv1
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ru zlwkrxw vslooryhuv lq wkh zdjh glvwulexwlrq1 Frqyhuvho|/ vslooryhu hhfwv
ri plqlpxp zdjh fkdqjhv gr qrw lqglfdwh wkdw wkh fkdqjh zdv qhfhvvdulo|
zhoiduh0hqkdqflqj1 Wkh pdlq srlqw wr zklfk zh zdqw wr gudz dwwhqwlrq lv
wkdw wkh zhoiduh hhfwv ri plqlpxp zdjh fkdqjhv fdq rqo| eh lqihuuhg e|
xvlqj hpslulfdo hylghqfh rq hpsor|phqw udwhv/ zdjh glvwulexwlrqv/ dqg d
irupdo prgho zlwklq zklfk zhoiduh fdq eh uljrurxvo| ghqhg dqg hydoxdwhg1
Zh zloo qrw eh gluhfwo| frqfhuqhg zlwk wkh lpsdfwv ri plqlpxp zdjh
ohyhov rq xqhpsor|phqw ru hpsor|phqw ohyhov lq wklv sdshu1 Lqvwhdg/ zh
zloo xvh rxu prgho wr dwwhpsw wr xqghuvwdqg wkh lpsdfw ri plqlpxp zdjh
ohyhov rq dffhswhg zdjh rhu glvwulexwlrqv/ erwk lq whupv ri wuxqfdwlrq dqg
vkdsh0fkdqjlqj1 Vhyhudo dxwkruv kdyh dwwhpswhg wr dgdsw vwdqgdug hfrqr0
phwulf prghov iru wuxqfdwhg dqg olplwhg ghshqghqw yduldeohv wr lqfrusrudwh
plqlpxp zdjhv lqwr vwdqgdug zdjh ixqfwlrq hvwlpdwlrq vfkhphv1 Vrph ri
wkh pruh lpsruwdqw uhvhdufk hruwv lq wklv duhd lqfoxgh Ph|hu dqg Zlvh
+4<;6d/4<;6e,/ Glqdugr hw do +4<<9,/ dqg Glfnhqv hw do +4<<:,1 Ph|hu dqg
Zlvh hvwlpdwhg d prgho ri plqlpxp zdjh hhfwv xvlqj lqglylgxdo0ohyho gdwd
zklfk doorzhg wkhp wr lqihu zkdw wkh zdjh glvwulexwlrq dqg hpsor|phqw
ohyho zrxog kdyh ehhq lq wkh devhqfh ri d plqlpxp zdjh1 Wkh edvlf lghd
ehklqg wkh hfrqrphwulf vshflfdwlrq lv wr dvvxph wkh irup ri wkh zdjh glv0
wulexwlrq lq wkh devhqfh ri d plqlpxp zdjh/ dqg wkhq wr doorz wkh plqlpxp
zdjh wr dowhu wklv glvwulexwlrq e| hvvhqwldoo| djjuhjdwlqj suredelolw| pdvv
durxqg wkh plqlpxp zdjh wr wkdw h{dfw ydoxh1 Wklv uhvxowv lq d zdjh glv0
wulexwlrq zklfk kdv d frqwlqxrxv dqg glvfuhwh frpsrqhqw wr lw1 Zkloh wkhlu
prgho vshflfdwlrq kdv ehhq fulwlfl}hg e| d qxpehu ri uhvhdufkhuv ^h1j1/ Fdug
dqg Nuxhjhu +ss15650569, dqg Glfnhqv hw do1 +4<<:,‘/ sulpdulo| iru uho|lqj rq
ixqfwlrqdo irup dvvxpswlrqv iru lghqwlfdwlrq dqg iru fkrrvlqj d sdudphwhu0
l}dwlrq zklfk uxohv rxw wkh srvvlelolw| ri hpsor|phqw lqfuhdvhv lq uhvsrqvh
wr d plqlpxp zdjh lqfuhdvh/ lw uhpdlqv rqh ri wkh ehwwhu hfrqrphwulf dw0
whpswv wr lghqwli| plqlpxp zdjh hhfwv xvlqj lqglylgxdo0ohyho gdwd lq wkh
olwhudwxuh15 Iurp rxu shuvshfwlyh/ wkh pdlq zhdnqhvv ri wkhlu prgho lv wkh
duelwudu| vshflfdwlrq ri wkh pdqqhu lq zklfk d plqlpxp zdjh glvwruwv
wkh suhh{lvwlqj glvwulexwlrq zdjh glvwulexwlrq1 Lq wkh prgho ghyhorshg khuh
dqg lq rxu frpsdqlrq sdshu +Iolqq 4<<<,/ rswlpl}lqj ehkdylru e| vhdufkhuv
dqg upv ghwhuplqhv wkh qdwxuh ri wklv glvwruwlrq/ dqg lw lv urxjko| frq0
vlvwhqw erwk zlwk wkh Ph|hu dqg Zlvh hfrqrphwulf vshflfdwlrq dqg zlwk
wkh hpslulfdo hylghqfh flwhg lq Fdug dqg Nuxhjhu1
Wkh Glfnhqv hw do sdshu dwwhpswv wr frpsduh zdjh glvwulexwlrqv ehiruh
dqg diwhu fkdqjhv lq wkh plqlpxp zdjh lq rughu wr lqihu hpsor|phqw hhfwv1
5Iru dqrwkhu jrrg h{dpsoh/ vhh Khfnpdq dqg Vhgodfhn +4<;4,1
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Wr hvwlpdwh hpsor|phqw lpsdfwv/ wkh| uhsodfh wkh Ph|hu dqg Zlvh lghqwl0
fdwlrq frqglwlrq wkdw wkh plqlpxp zdjh kdv qr lpsdfw rq wkh glvwulexwlrq
ri zdjhv lpphgldwho| deryh lw zlwk wkh frqglwlrq wkdw lw kdv qr lpsdfw
rq wkh zdjh glvwulexwlrq deryh vrph ydoxh {  p= Zkloh wklv dvvxpswlrq
vhhpv uhdvrqdeoh rq wkh idfh ri lw/ lw zloo qrw lq jhqhudo eh ydolg zlwklq
wkh vlpsoh htxloleulxp iudphzrun ghyhorshg khuh1 Lq dgglwlrq/ dv zh kdyh
dujxhg deryh/ wkh xowlpdwh jrdo ri hpslulfdo zdjh uhvhdufk vkrxog suredeo|
eh gluhfwhg wr ghwhuplqlqj zhoiduh udwkhu wkdq hpsor|phqw lpsdfwv1
Wkh irfxv ri wkh Glqdugr hw do sdshu lv rq dvvhvvlqj wkh lpsdfwv ri plql0
pxp zdjhv dqg rwkhu lqvwlwxwlrqdo ihdwxuhv ri wkh oderu pdunhw rq zdjh dqg
glvwulexwlrqv1 Wr shuirup wkhlu vhplsdudphwulf vwdwlvwlfdo dqdo|vlv/ wkh| duh
irufhg wr pdnh d qxpehu ri udwkhu frqwuryhuvldo dvvxpswlrqv uhjduglqj wkh
pdqqhu lq zklfk plqlpxp zdjh fkdqjhv lpsdfw erwk wkh zdjh glvwulexwlrq
dqg hpsor|phqw udwhv1 Wkh zdjh glvwulexwlrqv wkh| w dovr kdyh wkh xq0
iruwxqdwh fkdudfwhulvwlf ri ehlqj hyhu|zkhuh frqwlqxrxv/ zklfk uxohv rxw wkh
vslnh dw wkh plqlpxp zklfk lv fohduo| revhuydeoh lq X1V1 gdwd/ sduwlfxoduo|
iru |rxqj dqg ihpdoh ghshqghqw zrunhuv1 Zkloh wkh jrdo ri wkh dqdo|vlv lv
wr ghwhuplqh wkh lpsdfw ri ydulrxv lqvwlwxwlrqdo ihdwxuhv ri wkh oderu pdunhw
^rqh ri zklfk lv wkh plqlpxp zdjh‘ rq wkh lqfuhdvlqj ohyhov ri zdjh lqhtxdo0
lw| revhuyhg ryhu wkh sdvw wzr ghfdghv lq wkh X1V1/ wkh sdshu grhv qrw wdnh
d fohdu srvlwlrq rq zkhwkhu ru qrw vxfk lqfuhdvlqj lqhtxdolw| lv jrrg ru edg1
Wkh prgho lq wklv sdshu dqg vrph ri wkh h{dpsohv suhvhqwhg pdnh lw fohdu
wkdw furvv0vhfwlrqdo* lqhtxdolw| pd| lqghhg eh d jrrg wklqj1
Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh ghyhors d edujdlqlqj
prgho lq d frqwlqxrxv0wlph vhdufk hqylurqphqw erwk lq wkh devhqfh dqg lq
wkh suhvhqfh ri d elqglqj plqlpxp zdjh1 Vhfwlrq 6 frqwdlqv d glvfxvvlrq
ri rqh phdvxuh ri srsxodwlrq zhoiduh dqg lwv uhodwlrq wr wkh plqlpxp zdjh
ohyho1 Zh dovr surylgh uhvxowv dqg h{dpsohv looxvwudwlqj wkh lpsdfw ri plql0
pxp zdjhv rq wkh zdjh glvwulexwlrq dqg wkh uhodwlrqvkls ehwzhhq fkdqjhv
lq zhoiduh ohyhov dqg zdjh glvwulexwlrqv1 Vhfwlrq 7 frqwdlqv d vpdoo hpslu0
lfdo h{huflvh lq zklfk zh orrn dw fkdqjhv lq wkh zdjh glvwulexwlrq ri 49057
|hdu rog zrunhuv ehwzhhq Pdufk 4<<: dqg Pdufk 4<<;> ehwzhhq wkhvh wzr
gdwhv wkh plqlpxp zdjh fkdqjhg iurp ’71:8 wr ’8148 dq krxu ^lq Vhswhpehu
4<<:‘1 Xvlqj d pdwfkhg vxevdpsoh ri wkhvh lqglylgxdov/ zh surylgh vrph gh0
vfulswlyh hylghqfh rq wkh lpsdfw ri plqlpxp zdjh fkdqjhv rq oderu pdunhw
dqg zdjh prelolw| dw wkh glvdjjuhjdwhg ohyho1 Lq Vhfwlrq 8 zh vlpxodwh rxu
ehkdylrudo prgho lq rughu wr ghprqvwudwh vrph ri wkh wkhruhwlfdo uhvxowv
rewdlqhg lq Vhfwlrq 6 dqg dv dq dlg lq lqwhusuhwlqj wkh hpslulfdo hylghqfh
lq Vhfwlrq 71 Vhfwlrq 8 frqwdlqv d eulhi frqfoxvlrq1
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5 Oderu Pdunhw Vhdufk zlwk Edujdlqlqj
Lq wklv vhfwlrq zh ghvfuleh wkh ehkdylrudo prgho ri oderu pdunhw vhdufk zlwk
pdwfklqj dqg edujdlqlqj1 Wkh prgho lv irupxodwhg lq frqwlqxrxv wlph dqg
dvvxphv vwdwlrqdulw| ri wkh oderu pdunhw hqylurqphqw1 Lq wkh uvw vxevhfwlrq
zh ghulyh wkh ghflvlrq uxohv iru whuplqdwlqj vhdufk dqg iru glylglqj wkh pdwfk
ydoxh ehwzhhq zrunhu dqg up lq wkh devhqfh ri plqlpxp zdjhv1 Wkhvh
uhvxowv duh uhodwlyho| zhoo0nqrzq/ dqg duh pdlqo| suhvhqwhg wr vhw lghdv dqg
iru sxusrvhv ri frpsdulvrq zlwk wkh fdvh lq zklfk d elqglqj plqlpxp zdjh
lv suhvhqw/ zklfk lv dqdo|}hg lq wkh iroorzlqj vxevhfwlrq1
Wkurxjkrxw zh dvvxph wkdw wkhuh h{lvwv dq lqyduldqw/ whfkqrorjlfdoo|0
ghwhuplqhg glvwulexwlrq ri zrunhu0up surgxfwlylw| ohyhov zklfk lv jlyhq e|
J+,= Zkhq d srwhqwldo hpsor|hh dqg d up phhw/ zklfk kdsshqv dw udwh
> wkh surgxfwlyh ydoxh ri wkh pdwfk +, lv lpphgldwho| revhuyhg e| erwk
wkh dssolfdqw dqg wkh up1 Dw wklv srlqw d glylvlrq ri wkh pdwfk ydoxh lv
sursrvhg xvlqj d Qdvk edujdlqlqj iudphzrun1 Wkh vhdufkhu*v lqvwdqwdqhrxv
glvfrxqw udwh lv jlyhq e|  A 3= Wkh udwh ri +h{rjhqrxv, whuplqdwlrq ri
hpsor|phqw frqwudfwv lv   3= Zkloh xqhpsor|hg lqglylgxdov vhdufk/ wkhlu
lqvwdqwdqhrxv xwlolw| lv jlyhq e| e> zklfk fdq dvvxph srvlwlyh ru qhjdwlyh
ydoxhv1 Iru vlpsolflw|/ zh dvvxph wkdw hpsor|hg lqglylgxdov gr qrw uhfhlyh
dowhuqdwlyh rhuv ri hpsor|phqw/ l1h1/ wkhuh lv qr rq0wkh0mre vhdufk1 Lw lv
vwudljkwiruzdug wr dgdsw wkh fxuuhqw iudphzrun wr wkdw fdvh/ krzhyhu1
514 Oderu Pdunhw Ghflvlrqv zlwkrxw Plqlpxp Zdjhv
Zh dvvxph wkdw wkh rqo| idfwru ri surgxfwlrq lv oderu/ dqg wkdw wrwdo rxwsxw
ri wkh up lv vlpso| wkh vxp ri wkh surgxfwlylw| ohyhov ri doo ri lwv hpsor|hhv1
Wkhq li wkh up sdvvhv rq wkh dssolfdqw 0 wkdw lv/ grhv qrw pdnh dq
hpsor|phqw rhu 0 lwv glvdjuhhphqw rxwfrph lv 3 ^lw hduqv qr uhyhqxh exw
pdnhv qr zdjh sd|phqw‘1 Wkh dssolfdqw*v glvdjuhhphqw ydoxh lv wkh ydoxh ri
frqwlqxhg vhdufk/ zklfk zh ghqrwh Y?= Iru dq| jlyhq ydoxh ri Y? wkhuh h{lvwv
d fruuhvsrqglqj fulwlfdo pdwfk ydoxh W @ Y? + lv wkh lqvwdqwdqhrxv
glvfrxqw udwh,/ zklfk kdv wkh surshuw| wkdw doo pdwfkhv zlwk ydoxhv dw ohdvw
dv juhdw dv W zloo uhvxow lq hpsor|phqw zkloh doo wkrvh pdwfkhv ri orzhu
ydoxh zloo qrw1 Iru dq|   W> wkh zdjh rhu lv jlyhq e|
z+> Y?, @ dujpd{

^Ye+z, Y?‘k

 z
. 
3k
> +4,
zkhuh zlwkrxw orvv ri jhqhudolw| lw kdv ehhq dvvxphg wkdw wkh up vkduhv
wkh hpsor|hh*v hhfwlyh udwh ri glvfrxqw/ . =
7
Wkh ydoxh ri hpsor|phqw dw d zdjh ri z lv hdvlo| ghwhuplqhg1 Frqvlghu
dq lqqlwhvlpdoo| vpdoo shulrg ri wlph w= Ryhu wklv shulrg/ hlwkhu wkh
lqglylgxdo zloo frqwlqxh wr eh hpsor|hg dw zdjh z ru zloo orvh wkhlu mre/
zklfk rffxuv dw udwh = Wkhq
Ye+z, @
zw
4 . w
.
4
4 . w
^w Y? . +4 w,Ye+z,‘ . r+w,
4 . w
> +5,
zkhuh wkh whup +4 . w,3 lv dq lqqlwhvlpdo glvfrxqw idfwru dvvrfldwhg
zlwk wkh vpdoo lqwhuydo w> w lv wkh dssur{lpdwh suredelolw| ri ehlqj
whuplqdwhg iurp rqh*v fxuuhqw hpsor|phqw e| wkh hqg ri w> dqg r+w, lv d
whup zklfk kdv wkh surshuw| wkdw olp{|<f+r+w,@w, @ 3=Qrwh wkdw wkh uvw
whup rq wkh uljkw kdqg vlgh ri ^5‘ lv wkh ydoxh ri wkh zdjh sd|phqw ryhu wkh
lqwhuydo/ zklfk lv wkh wrwdo sd|phqw zw pxowlsolhg e| wkh lqvwdqwdqhrxv
glvfrxqw idfwru ^wklqn ri wkh sd|phqw dv ehlqj uhfhlyhg dw wkh hqg ri wkh
lqwhuydo w‘= Diwhu froohfwlqj whupv dqg wdnlqj wkh olplw ri ^5‘ dv w $ 3>
zh kdyh
Ye+z, @
z . Y?
. 
= +6,
Zh qrz vxevwlwxwh ^6‘ lqwr ^4‘ vr dv wr vlpsoli| wkh sureohp dv iroorzv=
Ye+z, Y? @ z. Y?
. 
 Y?
@
z Y?
. 
>
vr wkdw zh jhw wkh zhoo0nqrz h{suhvvlrq
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Zh fdq qrz pryh rqwr frpsxwlqj wkh ydoxh ri qrqhpsor|phqw1 Xvlqj
wkh vdph vhwxs dv deryh iru ghqlqj wkh ydoxh ri hpsor|phqw/ zh ehjlq zlwk
wkh wshulrg irupxodwlrq zklfk lv
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zkhuh w lv wkh dssur{lpdwh suredelolw| ri hqfrxqwhulqj rqh srwhqwldo
hpsor|hu ryhu wkh lqwhuydo1 Uhduudqjlqj dqg wdnlqj olplwv/ zh kdyh
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Wkhq wkh qdo +lpsolflw, h{suhvvlrq iru wkh ydoxh ri vhdufk lv
Y? @ e.

. 
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Qrwh wkdw wklv h{suhvvlrq lv lghqwlfdo wr wkh h{suhvvlrq iru wkh uhvhuydwlrq
ydoxh lq d prgho zlwk qr edujdlqlqj zkhq  lv wkh sd|phqw wr wkh lqglylgxdo
h{fhsw iru wkh suhvhqfh ri wkh idfwru = Wklv lv qrw xqh{shfwhg/ vlqfh zkhq
 @ 4> wkh hqwluh pdwfk ydoxh lv wudqvihuuhg wr wkh zrunhu/ dqg wkxv vhdufk
ryhu  lv wkh vdph dv vhdufk ryhu z=
Qrz zh fdq vxppdul}h wkh lpsruwdqw surshuwlhv ri wkh prgho1 Wkh
fulwlfdo pdwfk ydoxh W lv htxdo wr Y?/ zklfk lv ghqhg e| ^7‘1 Vlqfh dw wklv
pdwfk ydoxh wkh zdjh sd|phqw lv htxdo wr zW  z+W> Y?, @ W.+4,W @
W> wkh uhvhuydwlrq zdjh lv lghqwlfdo wr wkh uhvhuydwlrq pdwfk ydoxh1 Wkh
suredelolw| wkdw d udqgrp hqfrxqwhu jhqhudwhv dq dffhswdeoh pdwfk lv jlyhq
e| J+W,> zkhuh J ghqrwhv wkh vxuylyru ixqfwlrq/ 4J= Wkh udwh ri ohdylqj
xqhpsor|phqw lv  J+W,= Dv zh fdq vhh iurp ^7‘/ vlqfh W lv d ghfuhdvlqj
ixqfwlrq ri > udwhv ri xqhpsor|phqw duh kljkhu zkhq vhdufkhuv kdyh pruh
edujdlqlqj srzhu1
Wkh revhuyhg zdjh ghqvlw| lv d vlpsoh pdsslqj iurp wkh pdwfklqj ghq0
vlw|1 Vlqfh
z+> Y?, @  . +4 ,W
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wkhq wkh ghqvlw| ixqfwlrq ri revhuyhg zdjhv lv jlyhq e|
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Wr looxvwudwh wkh vwuxfwxuh ri wkh prgho erwk zlwk dqg zlwkrxw elqglqj
plqlpxp zdjhv/ lw pd| eh xvhixo wr surylgh dq h{dpsohv1 Zh vhw wkh udwh
9
ri duulydo ri rhuv +, wr wkh ydoxh 18 +vr wkdw mre frqwdfwv rffxu hyhu| 5
shulrgv rq dyhudjh,/ wkh udwh ri mre glvvroxwlrqv +, lv vhw wr 135 +vr wkdw wkh
dyhudjh ohqjwk ri d mre lv 83 shulrgv,/  lv vhw wr 134/ dqg wkh lqvwdqwdqhrxv
uhwxuq iurp vhdufk +e, lv vhw wr 041 Wkh up0vhdufkhu pdwfklqj glvwulexwlrq lv
dvvxphg wr eh xqlirup zlwk vxssruw ^3> 43‘=Zh zloo frpsxwh wkh htxloleulxp
zdjh glvwulexwlrq iru ydoxhv ri  lq wkh vhw ~158/183/1:8/41331
Iljxuh 41d sorwv wkh xqlirup s1g1i1 zklfk uhsuhvhqwv j+, lq wklv fdvh1
Iljxuh 41e sorwv wkh pdsslqj iurp gudzv ri  lqwr zdjh rhuv xqghu wkh
irxu dowhuqdwlyh ydoxhv ri > wkdw lv zk+> Y?+,, @  . +4  ,Y?+,=
Qrwh wkdw  hhfwv wkh htxloleulxp pdsslqj erwk gluhfwo| wkurxjk wkh vorsh
dqg lqgluhfwo| wkurxjk wkh glvdjuhhphqw srlqw Y?+,= Iljxuhv 41f0i sorw wkh
htxloleulxp zdjh s1g1i1v iru wkh irxu  ydoxhv1 Lqfuhdvlqj  lq wkh xqlirup
fdvh vlpso| uhvxowv lq lqfuhdvhv lq wkh orzhu dqg xsshu erxqg ri wkh vxssruw
ri wkh htxloleulxp zdjh glvwulexwlrq/ zklfk lv lwvhoi xqlirup1 Vlqfh lqfuhdvhv
lq  uhvxow lq lqfuhdvhv lq wkh ydoxh ri vhdufk/ lw lv lqwhuhvwlqj wr qrwh wkdw lq
wklv fdvh dq lqfuhdvlqj phdq zdjh dqg dq lqfuhdvlqj glvshuvlrq lq wkh zdjh
glvwulexwlrq duh dvvrfldwhg zlwk kljkhu ydoxhv ri vhdufk1
515 Oderu Pdunhw Ghflvlrqv lq wkh Suhvhqfh ri Plqlpxp
Zdjhv
Qrz frqvlghu wkh fdvh lq zklfk wkh lqwhudfwlrqv ehwzhhq dssolfdqwv dqg
upv duh frqvwudlqhg e| wkh suhvhqfh ri d plqlpxp zdjh1 Wkh plqlpxp
zdjh/ p> lv vhw e| wkh jryhuqphqw dqg lv dvvxphg wr dsso| wr doo srwhqwldo
pdwfkhv1 Zh dvvxph wkdw wkh rqo| frpshqvdwlrq surylghg e| wkh up lv wkh
zdjh1 Wkxv wkhuh duh qr rwkhu irupv ri frpshqvdwlrq wkh up fdq dgmxvw
vr dv wr xqgr wkh plqlpxp zdjh sd|phqw uhtxluhphqw1
Zh lpsrvh wkh plqlpxp zdjh lq wkh iudphzrun hvwdeolvkhg lq wkh suh0
ylrxv vhfwlrq1 Dv vkrxog eh fohdu/ dq| p  W kdv qr hhfw rq wkh ehkdylru
ri dssolfdqwv ru upv dqg wkxv zrxog eh d phdqlqjohvv frqvwudlqw1 Wkxv zh
frqvlghu rqo| wkh hhfwv ri dq lpsrvlwlrq ri p A W=
Uhfdoo wkdw wkh h{shfwhg ydoxh ri wkh pdwfk iurp wkh srlqw ri ylhz ri wkh
up lv sursruwlrqdo wr +z,= Ilupv fdqqrw hduq srvlwlyh surwv rq pdwfkhv
zklfk kdyh d ydoxh ohvv wkdq p= Vlqfh p A W> dq lpphgldwh lpsolfdwlrq
ri wkh lpsrvlwlrq ri wkh plqlpxp zdjh lv wkdw ihzhu frqwdfwv zloo uhvxow lq
mrev 0 wkh vwdqgdug hpsor|phqw hhfw1
Lq whupv ri zdjh sd|phqwv/ wkh plqlpxp zdjh dfwv vroho| dv d vlgh
frqvwudlqw rq wkh Qdvk edujdlqlqj sureohp1 Irupdoo|/ wkh uhylvhg sureohp
:
lv jlyhq e|
z+> Y?, @ dujpd{
D6
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
 z
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zkhuh wkh rqo| glhuhqfh iurp ^4‘ lv wkh uhvwulfwlrq z  p= Wkh hhfw rq
wkh vroxwlrq lv uhodwlyho| lqwxlwlyh1 Xqghu wkh frqvwudlqhg Qdvk edujdlqlqj
sureohp/ wkhuh zloo h{lvw d ydoxh ri vhdufk zklfk zh ghqrwh Y?+p, ^Qrwh wkdw
wklv ydoxh lv qrw htxdo wr wkh Y?zklfk zh ghqhg lq wkh xqfrqvwudlqhg sure0
ohp 0 lw zloo eh ghqhg ehorz‘1 Li zh ljqruh wkh plqlpxp zdjh frqvwudlqw
lq ghwhuplqlqj wkh zdjh sd|phqw jlyhq d pdwfk ydoxh ri  dqg wkh vhdufk
ydoxh Y?+p,> zh jhw
z+> Y?+p,, @  . +4 ,Y?+p,= +8,
Xqghu wklv glylvlrq ri wkh pdwfk ydoxh/ wkh zrunhu zrxog uhfhlyh d zdjh ri
p zkhq  @ a> zkhuh
a+p> Y?+p,, @
p +4 ,Y?+p,

=
Wkhq li a p> doo ihdvleoh pdwfkhv zrxog jhqhudwh zdjh rhuv dw ohdvw dv
odujh dv p= Zkhq a A p/ wklv lv qrw wkh fdvh1 Zkhq  ehorqjv wr wkh vhw
^p> a,> wkh rhu dffruglqj wr ^8‘ lv ohvv wkdq p= Krzhyhu/ zkhq frqiurqwhg
zlwk wkh fkrlfh ri jlylqj vrph ri lwv vxusoxv wr wkh zrunhu yhuvxv d uhwxuq
ri 3> wkh up sd|v wkh zdjh ri p iru doo  5 ^p> a,= Zdjhv iru dffhswdeoh 
rxwvlgh ri wklv vhw duh ghwhuplqhg dffruglqj wr ^8‘1
Zh fdq qrz frqvlghu wkh lqglylgxdo*v vhdufk sureohp jlyhq wklv zdjh
rhu ixqfwlrq1 Xvlqj wkh w lqwhuydo irupxodwlrq/
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Lw pdnhv vrph vhqvh wr uhihu wr wkh ydoh Y?+p, dv wkh lpsolflw uhvhu0
ydwlrq zdjh1 Xqolnh wkh vlwxdwlrq lq zklfk d elqglqj plqlpxp zdjh grhv
qrw h{lvw/ wklv ydoxh lv qrw wkh plqlpdo dffhswdeoh zdjh dqg pdwfk ydoxh1
Wkh dffhswdeoh zdjh2pdwfk ydoxh lv udwkhu wkh lpsrvhg plqlpxp ydoxh p=
Qrqhwkhohvv/ wkh ydoxh Y? lv ri fulwlfdo lpsruwdqfh lq ghwhuplqlqj htxlole0
ulxp zdjhv dqg wkh zhoiduh hhfwv ri plqlpxp zdjh fkdqjhv1
Frqglwlrqdo rq wkh ydoxh ri d elqglqj plqlpxp zdjh p> wkh htxloleulxp
zdjh glvwulexwlrq lv ghvfulehg e|
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Wkh plqlpxp zdjh vlgh frqvwudlqw surgxfhv dq htxloleulxp zdjh glvwul0
exwlrq zklfk kdv d pdvv srlqw dw p dqg kdv zdjhv ehlqj frqwlqxrxvo|
glvwulexwhg rq wkh lqwhuydo +p>4,=6
Ohw xv uhfrqvlghu rxu xqlirup h{dpsoh diwhu d plqlpxp zdjh ri :=8
kdv ehhq lpsrvhg> vlqfh wkh glvwulexwlrq qrz kdv d pdvv srlqw/ lw lv pruh
frqyhqlhqw wr sorw wkh f1g1i1 dv rssrvhg wr wkh s1g1i1 Iljxuh 51d sorwv wkh
f1g1i1 ri wkh pdwfklqj glvwulexwlrq1 Iljxuh 51e frqwdlqv wkh htxloleulxp
zdjh rhu pdsslqj iurp  wr z zkhq p @ :=8= Qrwh wkdw iru wkh fdvh
ri  @ =58> wkh htxloleulxp zdjh ixqfwlrq pdsv doo ydoxhv ri   :=8 lqwr
d zdjh rhu ri z @ :=8= Dw ohdvw zkhq wkh glvwulexwlrq J kdv erxqghg
vxssruw/ wklv ghprqvwudwhv wkdw wkh lpsrvlwlrq ri d plqlpxp zdjh fdq
uhvxow lq d ghjhqhudwh zdjh rhu glvwulexwlrq dw wkh plqlpxp/ dv zh vhh
lq Iljxuh 51f1 Lq wkh fdvh ri  @ =8> wkh htxloleulxp zdjh glvwulexwlrq kdv
d vxevwdqwldo pdvv srlqw dw :=8> zlwk d uhodwlyho| qduurz udqjh ri zdjhv
deryh lw1 Zkhq  @ =:8 ru 4 +Iljxuhv 51h dqg 51i,/ wkh plqlpxp zdjh grhv
qrw vxevwdqwldoo| dhfw wkh htxloleulxp zdjh glvwulexwlrq/ zklfk lv qrw wr
vd| wkdw wkh zhoiduh hhfwv ri wkh lpsrvlwlrq ri vxfk d plqlpxp zdjh lq
wkhvh fdvhv duh lqfrqvhtxhqwldo1
6Wklv vwdwhphqw lv suhglfdwhg rq w ehlqj d frqwlqxrxvo| glvwulexwhg udqgrp yduldeoh
zlwk xqerxqghg vxssruw1
<
6 Plqlpxp Zdjh Hhfwv rq Zhoiduh dqg Zdjh
Glvwulexwlrqv
Lq Iolqq +4<<<, zh surylgh d uhodwlyho| h{whqvlyh glvfxvvlrq ri vrph srvvleoh
phdvxuhv ri zhoiduh wkdw fdq eh ghyhorshg xvlqj rxu oderu pdunhw prgho1
Zh irfxv rq rqh vlpsoh phdvxuh khuh/ zklfk lv wkh ydoxh ri xqhpsor|hg
vhdufk jlyhq wkh plqlpxp zdjh p> ru Y?+p,= Lw lv frqyhqlhqw wr zrun zlwk
wklv phdvxuh erwk ehfdxvh lw lv d vfdodu dqg lv uhdglo| lqwhusuhwdeoh1 Vlqfh
doo lqglylgxdov ehjlq wkhlu oderu pdunhw fduhhuv lq wkh xqhpsor|phqw vwdwh/
Y?+p, uhsuhvhqwv wkh h{ dqwh ydoxh ri wkh oderu pdunhw fduhhu iru lqglylg0
xdov lqkdelwlqj d oderu pdunhw fkdudfwhul}hg e|  +    , zkhq wkh
plqlpxp zdjh lv vhw dw wkh ohyho p iruhyhu1 Zkloh lw lv fohdu wkdw plqlpxp
zdjhv gr fkdqjh ryhu wlph/ dv gr rwkhu oderu pdunhw sdudphwhuv/ vxfk d
phdvxuh lv frqvlvwhqw zlwk rxu prgholqj dvvxpswlrq ri vwdwlrqdulw|1 Uhdg0
huv lqwhuhvwhg lq wkh ghyhorsphqw ri rwkhu zhoiduh phdvxuhv fdq frqvxow rxu
frpsdqlrq sdshu1
Qrwh wkdw zh gr qrw frqvlghu wkh zhoiduh ri upv hlwkhu h{solflwo| ru
lpsolflwo|1 Fohduo|/ zkhq d plqlpxp zdjh uhvxowv lq dq lqfuhdvh lq wkh ydoxh
ri vhdufk iru lqglylgxdov rq wkh vxsso| vlgh ri wkh pdunhw/ wkh sursruwlrq
ri wkh pdwfk vshflf vxusoxv dydlodeoh wr upv lv glplqlvkhg1 Wkxv/ wkhuh
duh qr Sduhwr0pd{lpl}lqj plqlpxp zdjhv iru wkh hfrqrp| dv d zkroh lq
wklv iudphzrun1 Qrqhwkhohvv/ xqghu dq| plqlpxp zdjh upv frqwlqxh wr dw
ohdvw euhdn0hyhq rq doo hpsor|phqw frqwudfwv vr wkdw surwv zloo vwloo h{lvw1
Vlqfh wkh hpslulfdo frpsrqhqw ri rxu uhvhdufk h{foxvlyho| xwlol}hv gdwd iurp
wkh vxsso| vlgh ri wkh pdunhw/ iru sudjpdwlf uhdvrqv zh fdq rqo| dwwhpsw wr
fkdudfwhul}h dqg frpsduh oderu pdunhw dqg zhoiduh rxwfrphv iru lqglylgxdov
lq dq| hyhqw1
Zlwklq wklv prgho wkh hhfwv ri lpsrvlqj d plqlpxp zdjh rq wkh df0
fhswhg zdjh glvwulexwlrq duh frpsoh{1 Wkh plqlpxp revhuyhg zdjh zloo
dozd|v lqfuhdvh lq uhvsrqvh wr wkh lpsrvlwlrq ri d elqglqj plqlpxp zdjh
ru zkhq d elqglqj plqlpxp zdjh lv lqfuhdvhg1 Zkloh lqwxlwlrq pljkw ohdg
rqh wr h{shfw wkdw frpsdulqj zdjh glvwulexwlrqv dvvrfldwhg zlwk wkh vdph
oderu pdunhw hqylurqphqw  dqg glhuhqw plqlpxp zdjh ohyhov lq whupv ri
uvw rughu vwrfkdvwlf grplqdqfh fulwhuld pljkw eh d uholdeoh jxlgh wr xqghu0
o|lqj zhoiduh ohyhov/ wklv lv qrw w|slfdoo| wkh fdvh1 Xvlqj wkh zhoiduh fulwhulrq
zh kdyh ghqhg deryh/ wkh idfw wkdw wkh zdjh glvwulexwlrq xqghu wkh qhz
^kljkhu‘ plqlpxp zdjh grhv qrw uvw rughu vwrfkdvwlfdoo| grplqdwh wkh rog
rqh lv lqirupdwlyh derxw zhoiduh/ exw wkh frqyhuvh lv qrw wkh fdvh1 Zh qrz
surylgh wkh ghprqvwudwlrq ri wklv fodlp1
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Ghqlwlrq 4 Glvwulexwlrq I2 uvw rughu vwrfkdvwlfdoo| grplqdwhv glvwulex0
wlrq I li I+{,  I2+{, iru doo { dqg I+{, A I2+{, iru vrph {=
Lq whupv ri rxu prgho/ zh kdyh wkh iroorzlqj uhvxow1
Sursrvlwlrq 5 Ohw wkh zdjh glvwulexwlrq xqghu wkh plqlpxp zdjh p eh
jlyhq e| I2+z, dqg wkdw xqghu p eh jlyhq e| I+z,> iru p ? p= Wkhq I2
uvw rughu vwrfkdvwlfdoo| grplqdwhv I l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J+53E3k
T?E6
k ,
J+p,
 4
J+53E3k
T?E6
k ,
J+p,
,
J+ 53E3k
T?E6
k ,
J+p,

J+ 53E3k
T?E6
k ,
J+p,
,
J+p,
J+p,

J+53E3k4
T?E6
k ,
J+ 53E3k4
T?E6
k ,
=
Fruroodu| 6 I2 uvw rughu vwrfkdvwlfdoo| grplqdwhv I li Y?+p,  Y?+p,=
Surri1 Wkh ohiw0kdqg vlgh ri ^43‘ lv e| frqvwuxfwlrq juhdwhu wkdq ru htxdo
wr 41 Wkhq wkh lqhtxdolw| lv vdwlvhg vlqfh
Y?+p
,  Y?+p,
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, }  +4 ,
Y?+p
,

?
}  +4 ,Y?+p,

,
J+ 53E3k4
T?E6
k ,
J+53E3k4
T?E6
k ,
 4=
Xqiruwxqdwho|/ wklv uhvxow lv qrw ri pxfk sudfwlfdo vljqlfdqfh vlqfh
Y?+p
,  Y?+p, lv qrw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru vwrfkdvwlf
grplqdqfh1 D pruh sudfwlfdoo| xvhixo uhvxow lv wkh iroorzlqj1
Fruroodu| 7 Li I2 grhv qrw uvw rughu vwrfkdvwlfdoo| grplqdwh I wkhq Y?+p, ?
Y?+p,=
Surri1 Iru I2 qrw wr uvw rughu vwrfkdvwlfdoo| grplqdwh I lpsolhv wkh
h{lvwhqfh ri dw ohdvw rqh { vxfk wkdw
J+%3E3k4
T?E6
k ,
J+%3E3k4
T?E6
k ,
A
J+p,
J+p,
, { +4 ,
Y?+p,

?
{ +4 ,Y?+p,

, Y?+p, A Y?+p,=
Wkhvh uhvxowv vxjjhvw wkdw revhuyhg zdjh glvwulexwlrqv ehiruh dqg diwhu
plqlpxpzdjh fkdqjhv fdq uhyhdo zkhwkhu wkh plqlpxpzdjh lqfuhdvh zruv0
hqhg zhoiduh/ exw fdqqrw eh xvhg wr lqihu zkhwkhu ru qrw zhoiduh lqfuhdvhg1 Lq
sduwlfxodu/ wkh qglqj wkdw wkh qhz zdjh glvwulexwlrq/ I2> uvw rughu vwrfkdv0
wlfdoo| grplqdwhv wkh rog rqh lv frqvlvwhqw zlwk hlwkhu Y?+p, A Y?+p, ru
Y?+p
, ? Y?+p,= Wkh qglqj wkdw I2 grhv qrw uvw rughu vwrfkdvwlfdoo|
grplqdwh I lpsolhv wkdw Y?+p, A Y?+p,=
Reylrxvo| I2 pd| qrw uvw rughu vwrfkdvwlfdoo| grplqdwh I gxh wr d
ydulhw| ri ihdwxuhv ri wkh wzr glvwulexwlrq ixqfwlrqv1 Rxu prgho vshflfdwlrq
sodfhv uhvwulfwlrqv rq wkh zd| lq zklfk IRVG fdq idlo1 Lq sduwlfxodu/ li I2
grhv qrw IRVG I> wkhuh pxvw h{lvw vrph {W vxfk wkdw I2+{,  I+{, iru
doo {  {W dqg I2+{, A I+{, iru doo { A {W= Li wklv grhv qrw fkdudfwhul}h
wkh uhodwlrqvkls ehwzhhq wkh wzr f1g1i1v zkhq IRVG idlov/ wkhuh pxvw h{lvw
xqghuo|lqj srsxodwlrq khwhurjhqhlw| dqg2ru wkh oderu pdunhw prgho pxvw
eh plvvshflhg1
Wr looxvwudwh vrph ri rxu dqdo|wlfdo uhvxowv zh h{whqg rxu h{dpsoh xvlqj
wkh xqlirupJ rq wkh lqwhuydo ^3/43‘1 Lq Iljxuh 6 zh sorw wkh htxloleulxp zdjh
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glvwulexwlrqv iru plqlpxp zdjh ydoxhv ri p 5 i9> :> ;> <j iru ydoxhv ri wkh
edujdlqlqj srzhu sdudphwhu  5 i=8> =:> =;> =<j= Lq wkh fdvh ri  @ =8 +Iljxuh
61d,/ wkh ydoxh ri vhdufk lqfuhdvhv zkhq prylqj iurp p @ 9 wr p @ :> dqg
wkh htxloleulxp zdjh glvwulexwlrq dw p @ : uvw rughu vwrfkdvwlfdoo| grpl0
qdwhv wkh rqh dvvrfldwhg zlwk p @ 9= Krzhyhu/ wkrxjk wkh ydoxh ri vhdufk
ghfuhdvhv zkhq p pryhv iurp : wr ; dqg <> wkhvh +ghjhqhudwh, zdjh glvwul0
exwlrqv uvw rughu vwrfkdvwlfdoo| grplqdwh wkh rqh dvvrfldwhg zlwk p @ :=
Wkxv/ iurp wkh revhuydwlrq wkdw rqh zdjh glvwulexwlrq uvw rughu vwrfkdv0
wlfdoo| grplqdwhv dqrwkhu/ zh fdqqrw jhqhudoo| frqfoxgh wkdw zhoiduh kdv
lqfuhdvhg xqghu hlwkhu rxu zhoiduh fulwhulrq1
Wkh uhpdlqlqj sdqhov ri Iljxuh 6 ghprqvwudwh wkdw plqlpxp zdjh lq0
fuhdvhv gr qrw qhfhvvdulo| ohdg wr qhz zdjh glvwulexwlrqv zklfk vwrfkdvwlfdoo|
grplqdwh wkh ruljlqdo rqhv1 Zh kdyh fkrvhq kljk ydoxhv ri  wr looxvwudwh
wklv srlqw/ vlqfh zkhq  lv kljk plqlpxp zdjh lqfuhdvhv zloo lq jhqhudo ohdg
wr uhgxfwlrqv lq wkh ydoxh ri vhdufk1 Wklv srlqw lv ehvw0looxvwudwhg lq Iljxuh
61f/ fruuhvsrqglqj wr wkh fdvh ri  @ =;= Wkh zdjh glvwulexwlrq dvvrfldwhg
zlwk p @ < grhv qrw vwrfkdvwlfdoo| grplqdwh dq| ri wkh rwkhu plqlpxp
zdjh glvwulexwlrqv/ wkh uhdvrq ehlqj wkh uhodwlyho| orz vhdufk ydoxh dvvrfl0
dwhg zlwk p @ <= Revhuydwlrqv ri wklv idloxuh ri IRVG zrxog kdyh ohg xv wr
fruuhfwo| lqihu wkdw wkhuh kdg ehhq d uhgxfwlrq lq zhoiduh1
Dv wkhvh uhvxowv dqg looxvwudwlrqv pdnh fohdu/ iurp fkdqjhv lq zdjh glvwul0
exwlrqv lw lv gl!fxow wr dvvhvv zhoiduh lpsdfwv1 Zh qrz wxuq rxu dwwhqwlrq wr
dqrwkhu fkdudfwhulvwlf ri wkh uhodwlrqvkls ehwzhhq wkh suh0 dqg srvw fkdqjh
zdjh glvwulexwlrqv wkdw pd| kdyh vrph lqirupdwlrq ydoxh dqg wr zklfk lw lv
srvvleoh wr jlyh d uhdvrqdeo| lqwxlwlyh dqg |hw suhflvh ghqlwlrq frqqhfwhg
zlwk wkh qrwlrq ri vslooryhu1
Frqvlghu d zdjh udwh z vxfk wkdw z A p A p= Wkhq xqghu hlwkhu ydoxh
ri wkh plqlpxp zdjh wkh ghqvlw| ri dffhswhg zdjhv dw z h{lvwv17 Frqvlghu
wkh udwlr ri wkh ghqvlw| dw z xqghup dqgp> zklfk lv lq hvvhqfh d olnholkrrg
udwlr1 Wkhq zh ghqh
O+z>p>p, @
k3}EwEc T?E6
CE6
k3}EwEcT?E6
CE6
@
J+p, j++z> Y?+p,,,
J+p, j++z> Y?+p,,,
=
7Iru sxusrvhv ri wklv glvfxvvlrq zh dvvxph wkdw wkh pdwfklqj glvwulexwlrq kdv xq0
erxqghg vxssruw/ zklfk lpsolhv wkdw wkh zdjh glvwulexwlrq zloo vkduh wklv fkdudfwhulvwlf
dv zhoo zkhqhyhu k : f
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Wkh udwlr J+p,@ J+p, lq O+z>p>p, zh pljkw uhihu wr dv wkh wuxqfdwlrq
hhfw ri wkh plqlpxp zdjh fkdqjh1 Vlqfh J+p, A J+p,> wklv hhfw lv
dozd|v juhdwhu wkdq 4 dqg lv lqghshqghqw ri wkh ydoxh ri z> z A p> zh zloo
zulwh lw dv W +p>p,= Zh ylhz wklv hhfw rq wkh udwlr ri zdjh ghqvlwlhv dw
z dv udwkhu phfkdqlfdo dqg xqlqwhuhvwlqj1 Lqvwhdg/ zkdw zh zloo uhihu wr dv
wkh vslooryhu hhfw lv wkh whup
V+z>p>p, @
j++z> Y?+p,,,
j++z> Y?+p,,,
=
Lq wklv zd| zh kdyh frqvwuxfwhg d ghfrpsrvlwlrq ri wkh olnholkrrg udwlr ri
wkh zdjh ghqvlw| dw z ehiruh dqg diwhu wkh zdjh fkdqjh/ zklfk lv
O+z>p>p, @ W +p>p,V+z>p>p,=
Lw zloo eh frqyhqlhqw wr zrun zlwk dq dgglwlyh ghfrpsrvlwlrq ri wkh orj
olnholkrrg udwlr/ ru
oqO+z>p>p, @ oqW +p>p, . oqV+z>p>p,=
Xvlqj wkh orjdulwkplf ghfrpsrvlwlrq/ lw lv fohdu wkdw wkh wuxqfdwlrq hhfw
vkliwv oqO e| wkh xqlirup dprxqw oqW +p>p,= Ixuwkhupruh zh nqrz wkdw
oqW +p=p, A 3 iru dq| wzr elqglqj plqlpxp zdjhv p A p= Rxu pdlq
lqwhuhvw lv lq wkh pdqqhu lq zklfk wkh vkdsh ri wkh zdjh ghqvlw| deryh p
fkdqjhv zlwk d fkdqjh lq wkh plqlpxp zdjh1 Zh zloo dvvhvv wklv e| orrnlqj
dw wkh pdqqhu lq zklfk oqO+z>p>p, ydulhv lq z= Wkdw lv/ zh duh lqwhuhvwhg
lq
C oqO+z>p>p,
Cz
@
C oqV+z>p>p,
Cz
=
Zh zrun zlwk orjdulwkp ri wkh olnholkrrg udwlr vr wkdw wkh wuxqfdwlrq hhfw
fdq eh ljqruhg1
Ghqlwlrq 8 Wkh txdqwlw| C oqV+z>p>p,@Cz lv fdoohg wkh vkdsh shu0
wxuedwlrq dw z dvvrfldwhg zlwk wkh plqlpxp zdjh lqfuhdvh iurp p wr p=
Zh ghqrwh wklv txdqwlw| e| VS +z>p>p,=
Lq jhqhudo/ plqlpxp zdjh fkdqjhv uhvxow lq fkdqjhv lq wkh vkdsh ri wkh
ghqvlw| deryh wkh qhz plqlpxp zdjh1 Lw lv lqwhuhvwlqj wr frqvlghu zkhq
wklv zrxog qrw eh wkh fdvh= Zh ehjlq zlwk rqh uhdglo| fkhfndeoh vx!flhqw
frqglwlrq iru wkh devhqfh ri vkdsh shuwxuedwlrqv1
Sursrvlwlrq 9 VS +z>p>p, @ 3 iru doo z A p li hlwkhu ru erwk ri wkh
iroorzlqj frqglwlrqv krog=
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41 j+{ . |, @ j+{,j+|,> { . | A p>  A 3> dqg j+{, dqg j+|, zhoo0
ghqhg
51 Y?+p, @ Y?+p,=
Surri1 VS +z>p>p, @ 3 iru doo z A p li dqg rqo| li V+z>p>p, @
T+p>p, iru doo z A p= Vlqfh
V+z>p>p, @
j+k  3kk Y?+p,,
j+k  3kk Y?+p,,
> +44,
wkhuh duh wzr zd|v lq zklfk wklv fdq kdsshq=
41 Li j+{ . |, @ j+{,j+|,> zlwk j+{, dqg j+|, erwk zhoo0ghqhg/ wkhq
^44‘ ehfrphv
j+k ,j+3kk Y?+p,,
j+k ,j+3kk Y?+p,,
@
j+3kk Y?+p,,
j+3kk Y?+p,,
@ N+p>p,> ;z A p=
51 Li Y?+p, @ Y?+p,> wkhq
V+z>p>p, @
j+k  3kk Y?+p,,
j+k  3kk Y?+p,,
@ 4> ;z A p=
Lq zkdw iroorzv/ zkhq orrnlqj iru vslooryhu hhfwv zh zloo eh irfxvlqj
sulpdulo| rq zkhwkhu ru qrw frqglwlrq 4 lq wkh deryh sursrvlwlrq lv vdwlvhg/
vlqfh lw lv wkh rqo| joredo rqh ri wkh wzr lq wkdw vdwlvidfwlrq ri wkh frqglwlrq
grhv qrw ghshqg rq wkh sduwlfxodu ydoxhv ri p dqg p fkrvhq/ vr orqj dv
wkh| duh erwk elqglqj plqlpxp zdjhv1 Wzr h{dpsohv ri glvwulexwlrqv zklfk
vdwlvi| frqglwlrq 4 lpphgldwho| frph wr plqg1
H{dpsoh : Ohw  eh xqlirupo| glvwulexwhg rq wkh lqwhuydo ^/‘> zlwk j+, @
^‘3>  5 ^/‘= Wkhq j+d . e, @ j+d,j+e, iru d . e 5 ^/‘> zkhuh
 @ ^‘1
H{dpsoh ; Ohw  kdyh d qhjdwlyh h{srqhqwldo ghqvlw| rq wkh lqwhuydo ^3>4,>
vr wkdw
j+, @  h{s+,>  A 3=
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Lq wklv fdvh/
j+{. |, @  h{s++{. |,,
@  h{s+{, h{s+|,
@ j+{,j+|,@=
Wkhq zh vhh wkdw wkh sursrvlwlrq dssolhv zlwk  @ =
Wkhvh wzr h{dpsohv lqyroyh wzr riwhq0xwlol}hg glvwulexwlrqdo dvvxps0
wlrqv/ exw fohduo| prvw zhoo0nqrzq glvwulexwlrqv gr qrw srvvhvv wklv pxowl0
solfdwlyh ghfrpsrvlwlrq surshuw|1 Iru h{dpsoh/ zkhq j lv wkh orj qrupdo
ghqvlw| zh kdyh
j+>>, @ +5,3*2+,3 h{s+4
5

oq   

2
,>
zkhuh  dqg  +A 3, duh sdudphwhuv wkdw frpsohwho| ghvfuleh wkh glvwulex0
wlrq1 Vlqfh j+>>, lv qrw pxowlsolfdwlyho| vhsdudeoh dv lv uhtxluhg e| wkh
sursrvlwlrq/ zh nqrz wkdw lq wklv fdvh vslooryhu hhfwv/ dv zh kdyh ghqhg
wkhp/ zloo h{lvw1
D uhvxow zklfk iroorzv lpphgldwho| iurp frqglwlrq 4 ri wkh deryh sursr0
vlwlrq wkdw zh vkdoo pdnh xvh ri lq wkh vhtxho lv wkh iroorzlqj1
Fruroodu| < Li frqglwlrq 4 ri Sursrvlwlrq 9 lv vdwlvhg/ wkhq
i+z>p, @ +p>p,i+z>p,> ;z A p A p>
zkhuh
+p>p, @
J+p,
J+p,
j+3kk Y?+p,,
j+3kk Y?+p,,
=
Zh qrz ghyhors d whvw iru zkdw zh kdyh ghqhg deryh dv vslooryhu hhfwv
wkdw grhv qrw uhtxluh xv wr dvvxph dq| sduwlfxodu ixqfwlrqdo irup iru J> dqg
lq idfw grhv qrw pdnh pxfk xvh ri wkh prgho vwuxfwxuh1 Lq wklv vhqvh/ zh
fdq frqvlghu wklv d jhqhudo whvw iru zkhwkhu ru qrw d plqlpxp zdjh fkdqjh
uhvxowv lq vkdsh shuwxuedwlrq hhfwv1 Lw lv lpsruwdqw wr nhhs lq plqg wkdw
wkh devhqfh ri vkdsh shuwxuedwlrq hhfwv grhv qrw lpso| wkdw wkhuh duh qr
jhqhudo zhoiduh hhfwv ri plqlpxp zdjh fkdqjhv lq wkh srsxodwlrq1 Zh zloo
looxvwudwh wklv srlqw ehorz zlwk wkh xvh ri vrph vlpxodwlrqv1
Wkh whvw zh ghyhors lv d vwudljkwiruzdug h{whqvlrq ri wkh jhqhudo idplo|
ri qrqsdudphwulf whvwv zklfk whvw zkhwkhu wzr srsxodwlrq glvwulexwlrqv duh
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htxdo ryhu wkh hqwluh +frpprq, vxssruw ri wkh glvwulexwlrqv1 Ohw I+[,
ghqrwh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh udqgrp yduldeoh[ dqg ohw
I2+\ , ghqrwh wkh f1g1i1 ri wkh udqgrp yduldeoh \= Ohw wkh frpprq vxssruw
ri wkh wzr glvwulexwlrqv eh ghqrwhg e| = Wkhuh h{lvw vhyhudo qrqsdudphwulf
whvwv ri wkh qxoo k|srwkhvlv= Kf = I+{, @ I2+{,> ;{ 5 > zhoo0nqrzq
h{dpsohv duh wkh Nroprjrury0Vpluqry Wzr Vdpsoh Whvw dqg wkh Zdog0
Zroirzlw} Uxqv Whvw1
Zh sursrvh wr whvw sursruwlrqdolw| ri wkh srsxodwlrq zdjh ghqvlwlhv diwhu
d plqlpxp zdjh fkdqjh ryhu d vxevhw ri wkh vxssruw ri wkh zdjh glvwulex0
wlrq1 Zh hpsor| wkh iroorzlqj uhvxow1
Sursrvlwlrq 43 Ohw i+z, @ i2+z, iru doo z 5 V  > zkhuh V lv d
frqqhfwhg vhw vwulfwo| frqwdlqhg lq > zlwk V @ +d> e,= Wkhq I+zmz 5 V, @
I2+zmz 5 V,=
Surri1 Wkh frqglwlrqdo f1g1i1 I&+zmz 5 V, lv jlyhq e|
I&+zmz 5 V, @
U 
@ i&+{, g{U K
@ i&+{,g{
> n @ 4> 5> z 5 V=
Vlqfh i+z, @ i2+z, iru z 5 V>
I+zmz 5 V, @
U 
@ i2+{, g{U K
@ i2+{, g{
@ I2+zmz 5 V,> ;z 5 V=
Wr lpsohphqw rxu whvw iru vkdsh shuwxuedwlrq uhtxluhv wkdw zh uhvwulfw
dwwhqwlrq wr wkh vxevhw ri zdjhv iurp wkh wzr plqlpxp zdjh uhjlphv wkdw
duh juhdwhu wkdq wkh odujhvw plqlpxp zdjh1 Ohw p ghqrwh wkh kljkhu ri wkh
wzr +elqglqj, plqlpxp zdjhv dqg p wkh ohvvhu ri wkh wzr1 Zh kdyh dffhvv
wr q zdjh revhuydwlrqv zklfk duh juhdwhu wkdq p iurp wkh uhjlph zkhq p
lv lq irufh/ zkhuh wkh gudzv duh ghqrwhg z> z

2> ===> z

?> dqg zh kdyh dffhvv
wr q2 zdjh revhuydwlrqv doo ri zklfk duh juhdwhu wkdq p zkhq wkh uhjlph
p lv lq sodfh/ zlwk wkh zdjh revhuydwlrqv jlyhq e| z2> z
2
2> ===> z
2
?2 = Wkh qxoo
k|srwkhvlv wkdw zh zlvk wr whvw lv wkdw
Kf = I+zmz A p, @ I2+zmz A p,> ;z A p= +45,
Qrz d frqvlvwhqw hvwlpdwru ri wkh frqglwlrqdo f1g1i1v lv jlyhq e|
aI&+zmz A p, @ q3&
?&[
'
"^z&  z‘> ;z A p>
4:
zkhuh "^D‘ lv wkh lqglfdwru ixqfwlrq zklfk wdnhv wkh ydoxh 4 zkhq D lv wuxh
dqg lv 3 rwkhuzlvh1 Zh zloo xwlol}h wkh Nroprjrury0Vpluqry Wzr Vdpsoh
whvw wr whvw ^45‘/ zklfk lv edvhg rq wkh pd{lpxp glvwdqfh ehwzhhq wkh wzr
hpslulfdo +frqglwlrqdo, fxpxodwlyh glvwulexwlrq ixqfwlrqv1 Lq rxu fdvh wkh
whvw vwdwlvwlf lv ghqhg dv
G?c?2 @ pd{
:6
 aI+zmz A p, aI2+zmz A p, =
Wkh ghjuhhv ri iuhhgrp iru wkh wzr vdpsoh whvw duh jlyhq e|
t
?f?2
?n?2
=
Xvlqj wklv ydoxh fulwlfdo ydoxhv iru G?c?2 duh wkh vdph dv iru wkh rqh vdpsoh
yhuvlrq ri wkh whvw dqg duh uhdglo| dydlodeoh18
8Vhh Udr +4<:6,/ sdjhv 7530755/ iru d eulhi glvfxvvlrq ri wkhvh uhvxowv1
4;
7 Gdwd dqg Hpslulfdo H{huflvhv
Wkh gdwd xwlol}hg lq rxu hpslulfdo h{dpsoh duh gudzq iurp wkh Pdufk 4<<:
dqg 4<<; Fxuuhqw Srsxodwlrq Vxuyh| +FSV, vdpsohv1 Zh kdyh vhohfwhg wkhvh
wzr shulrgv ehfdxvh wkh| vsdq d fkdqjh lq plqlpxp zdjh odz1 Lq Pdufk
4<<:/ wkh qdwlrqdo plqlpxp zdjh zdv ’71:8 dq krxu/ kdylqj ehhq fkdqjhg
iurp ’7158 rq Rfwrehu 4/ 4<<91 Dw wkh wlph ri wkh Pdufk 4<<: lqwhuylhzv/
wkh plqlpxp zdjh ri ’71:8 kdg ehhq lq hhfw iru dssur{lpdwho| vl{ prqwkv1
Rq Vhswhpehu 4/ 4<<:/ wkh plqlpxp zdjh ri ’71:8 zdv lqfuhdvhg wr ’81481
Wkxv dw wkh wlph ri wkh Pdufk 4<<; FSV lqwhuylhzv/ wkh qhz plqlpxp zdjh
kdg ehhq lq hhfw iru dssur{lpdwho| vhyhq prqwkv1
Dv lv wuxh ri wkh hpslulfdo dqdo|vlv shuiruphg lq Iolqq +4<<<,/ zh irfxv
rxu dwwhqwlrq rq oderu pdunhw sduwlflsdqwv ehwzhhq wkh djhv ri 49 dqg 57/
lqfoxvlyh1 Wklv djh jurxs kdv e| idu wkh odujhvw sursruwlrq ri hpsor|hg
phpehuv sdlg h{dfwo| dw ru zlwklq d ihz fhqwv ri wkh plqlpxp zdjh1 Zh
kdyh uhdvrqhg wkdw li wkh plqlpxp zdjh lv wr kdyh d vxevwdqwldo lpsdfw
rq wkh oderu pdunhw rxwfrphv dqg zhoiduh ri dq| sduwlfxodu jurxs lq wkh
srsxodwlrq lw lv prvw olnho| wr eh wklv rqh1
Wkh FSV lv d krxvhkrog vxuyh| ri dgguhvvhv zklfk kdv wkh vwuxfwxuh
ri d urwdwlqj sdqho1 Gzhoolqj xqlwv duh vhohfwhg wr eh lq wkh vxuyh| iru 7
frqvhfxwlyh prqwkv/ wkhq duh rxw ri wkh vdpsoh iru hljkw prqwkv/ dqg wkhq
qdoo| uhwxuq iru irxu frqvhfxwlyh prqwkv1 Ghwdlohg lqirupdwlrq frqfhuqlqj
hdfk krxvhkrog phpehu*v fxuuhqw mre/ li wkh| duh hpsor|hg dw wkh wlph ri
wkh prqwko| vxuyh|/ duh rqo| dvnhg wr lqglylgxdov lq wkhlu 7wk dqg ;wk prqwk
ri sduwlflsdwlrq lq wkh vdpsoh1 Wkxv zh vhohfwhg lqglylgxdov iru lqfoxvlrq
lq wkh vdpsoh zkr dw wkh wlph ri wkh Pdufk lqwhuylhz zhuh= +4, ehwzhhq
49057 |hduv ri djh> +5, zhuh lq wkh 7wk ru ;wk prqwk ri vxuyh| sduwlflsdwlrq>
+6, uhsruwhg wkhpvhoyhv wr eh fxuuhqwo| zrunlqj ru vhdufklqj iru d mre1 Zh
kdyh qrw h{foxghg lqglylgxdov zkr uhsruw ehlqj hquroohg lq vfkrro ixoo0wlph
vlqfh wklv jurxs dffrxqwv iru d vxevwdqwldo sursruwlrq ri hpsor|hhv sdlg wkh
plqlpxp zdjh1
Zh vkrxog phqwlrq d ihz fkdudfwhulvwlfv ri wkh FSV gdwd dqg X1V1 plql0
pxp zdjh odzv zklfk frpsolfdwh dq| hpslulfdo dqdo|vlv rq wklv lvvxh/ hyhq
rqh dv vlpsoh dqg ghvfulswlyh dv wkdw zklfk lv fduulhg rxw khuh1 Iluvw/ wkh
plqlpxp zdjh lv vhw lq whupv ri krxuo| frpshqvdwlrq udwhv/ wkrxjk pdq|
hpsor|hhv duh qrw sdlg rq dq krxuo| edvlv1 Hpsor|hg lqglylgxdov lq wkh
Rxwjrlqj Urwdwlrq Jurxsv +l1h1/ wkrvh lq wkhlu 7wk ru ;wk prqwk ri vxuyh|
sduwlflsdwlrq,/ duh dvnhg zkhwkhu ru qrw wkh| duh sdlg rq dq krxuo| edvlv1 Li
wkh| uhvsrqg wkdw wkh| duh sdlg rq wkdw edvlv/ wkh| duh dvnhg wr uhsruw wkhlu
krxuo| udwh1 Doo hpsor|hg lqglylgxdov lq wkh RUJ duh dovr dvnhg wkhlu jurvv
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zhhno| hduqlqjv dqg wkhlu xvxdo zhhno| krxuv ri zrun1 Iru lqglylgxdov sdlg
rq dq krxuo| edvlv/ zh xvh wkhlu krxuo| zdjh uhsruw dv d phdvxuh ri wkhlu
zdjh udwh1 Iru hpsor|hg lqglylgxdov zkr gr qrw uhsruw dq krxuo| zdjh/ zh
dwwhpsw wr lqihu rqh e| xvlqj wkh vwdqgdug surfhgxuh ri glylglqj wkh jurvv
zhhno| zdjh e| wkhlu uhsruwhg xvxdo krxuv ri zrun19 Vlqfh lqglylgxdov zkrvh
zdjhv duh lqihuuhg iurp wkhlu uhsruw ri jurvv zhhno| zdjhv dqg xvxdo krxuv
duh olnho| wr kdyh d qrlvlhu phdvxuh ri wkhlu wuxh udwh ri krxuo| frpshqvd0
wlrq/ zh duh ohvv olnho| wr revhuyh wkhp foxvwhuhg wljkwo| durxqg ru h{dfwo| dw
wkh suhydlolqj plqlpxp zdjh/ hyhq zkhq wkdw lv wkhlu wuxh wdujhw krxuo|
frpshqvdwlrq udwh1 Wklv sureohp surylghv dqrwkhu udwlrqdoh iru irfxvlqj dw0
whqwlrq rq |rxqj oderu pdunhw sduwlflsdqwv/ vlqfh wkh| duh pxfk pruh olnho|
wr eh sdlg rq dq krxuo| edvlv wkdq duh roghu zrunhuv1:
Wkh vhfrqg lvvxh wr zlvk zh zrxog olnh wr gudz wkh uhdghu*v dwwhqwlrq lv
wkdw ri sur{| uhvsrqghqwv1 Zkhq FSV lqwhuylhzhuv frqwdfw d krxvhkrog/ rqh
lqglylgxdo lq wkh krxvhkrog surylghv doo ri wkh lqirupdwlrq iru hdfk shuvrq
olylqj lq lw1 Wklv shuvrq lv riwhq wkh khdg ri wkh krxvhkrog ru wkh vsrxvh
ri wkh khdg1 Vlqfh pdq| plqlpxp zdjh zrunhuv olyh dv d ghshqghqw lq
vrphrqh hovh*v krxvhkrog/ riwhq wkhlu sduhqwv*/ wkh phdvxuhphqw sureohpv
zh uhihuuhg wr lq wkh suhylrxv sdudjudsk duh olnho| wr eh h{dfhuedwhg1 Zkloh
wkhvh phdvxuhphqw sureohpv vljqlfdqwo| uhgxfh wkh dsshdo ri wkh FSV/ lw
uhpdlqv wkh ehvw odujh vfdoh dqg uhsuhvhqwdwlyh vxuyh| ri wkh X1V1 srsxodwlrq
wkdw fdq eh xvhg wr vwxg| plqlpxp zdjh hhfwv rq oderu pdunhw rxwfrphv1
Lq wkh vhfrqg vwdjh ri rxu hpslulfdo dqdo|vlv/ zh frqvwuxfw dq hyhqw
vwxg| wkdw dwwhpswv wr ghwhuplqh zkhwkhu wkhuh zhuh dq| glvfhuqleoh hi0
ihfwv ri wkh plqlpxp zdjh fkdqjh ehwzhhq Pdufk 4<<: dqg Pdufk 4<<; rq
wkh oderu pdunhw vwdwxv ri lqglylgxdov zkr dsshdu lq erwk vdpsohv1 Vlqfh
wkh FSV grhv qrw surylgh xqltxh lqglylgxdo0ohyho lghqwlhuv wkdw zrxog do0
orz uhvhdufkhuv wr pdwfk lqglylgxdov dfurvv |hduv lq d vwudljkwiruzdug pdq0
qhu/ d pruh flufxlwrxv surfhgxuh pxvw eh xwlol}hg1 Zh ehjlq e| pdwfklqj
krxvhkrog lghqwlfdwlrq qxpehuv dfurvv Pdufk 4<<: dqg Pdufk 4<<;> wkh
krxvhkrog lghqwlhu lv xqltxh vr wkdw huuruv lq pdwfklqj lqwurgxfhg dw wklv
vwdjh vkrxog eh doprvw qrq0h{lvwhqw1 Zh shuirup wkh shuvrq pdwfklqj dv
iroorzv1 Zkhq zh qg d krxvhkrog0ohyho pdwfk ehwzhhq wkh wzr |hduv/ iru
hdfk lqglylgxdo lq wkh krxvhkrog lq 4<<: zh ghwhuplqh zkhwkhu wkhuh lv dq|0
rqh lq wkh vdph krxvhkrog lq 4<<; zkr lv +4, ri wkh vdph vh{ dqg +5, }hur
9Wklv surfhgxuh idlov zkhq xvxdo zhhno| krxuv duh qrw uhsruwhg/ zklfk wkh| duh qrw
zkhq lqglylgxdov uhsruw wkdw wkh| kdyh qr vhw zhhno| zrun vfkhgxoh1
: Lq wkh 4<<: Pdufk FSV vdpsoh zh kdyh gudzq/ ;61: shufhqw ri hpsor|hg lqglylgxdov
uhsruw ehlqj sdlg rq dq krxuo| edvlv/ zkloh lq wkh 4<<; Pdufk FSV vdpsoh wkh fruuh0
vsrqglqj shufhqwdjh lv ;714
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wr wzr |hduv ri djh roghu1 Li dq| lqglylgxdo lq wkh 4<<; krxvhkrog vdwlvhv
wkrvh wzr frqglwlrqv/ zh vd| wkdw wkh| duh wkh vdph shuvrq1 Ri frxuvh/ wkh
suhvhqfh ri vdph vh{ wzlqv/ iru h{dpsoh/ zloo fdxvh sureohpv/ exw lw lv olnho|
wkdw wkh vxffhvv udwh ri wklv pdwfklqj surfhgxuh lv txlwh kljk1
714 Furvv0Vhfwlrqdo Zdjh Glvwulexwlrqv
Zh ehjlq e| suhvhqwlqj klvwrjudpv ri furvv0vhfwlrqdo zdjhv iru wkh xq0
pdwfkhg vdpsoh lq Pdufk 4<<: dqg Pdufk 4<<;/ zklfk duh frqwdlqhg lq
Iljxuh 71; Lq hdfk jxuh zh kdyh gudzq yhuwlfdo olqhv dw wkh zdjh udwhv 71:8
dqg 8148 iru uhihuhqfh sxusrvhv1 Rqh ihdwxuh ri erwk ri wkh jxuhv wkdw lv
lpphgldwho| dssduhqw lv wkh odujh qxpehu ri vslnhv1 Wkhvh vslnhv whqg wr
rffxu erwk dw wkh plqlpxp zdjh +l1h1/ 71:8 lq 4<<: dqg 8148 lq 4<<;, dqg dw
rwkhu srlqwv zklfk zh vwurqjo| vxvshfw wr eh wkh uhvxow ri uhsruwlqj huuru1
E| zd| ri looxvwudwlrq zh kdyh frqvwuxfwhg wkh iroorzlqj vpdoo wdeoh ri wkh
sursruwlrq ri hdfk vdpsoh zkr jlyh d zdjh uhsruw h{dfwo| htxdo wr rqh ri
yh srvvleoh ydoxhv1
Sursruwlrq
Zdjh Udwh 4<<: 4<<;
71:8 1394 1339
8133 1447 1386
8148 1336 1393
9133 13;6 1433
:133 138: 13;7
Wkh zdjh udwh 8133 lv wkh prgdo ydoxh ri wkh 4<<: krxuo| zdjh glvwulexwlrq
dqg wkh zdjh udwh 9133 lv wkh prgdo ydoxh iru 4<<;1 Lq erwk fdvhv/ wkhvh
kdsshq wr wkh lqwhjhuv lpphgldwho| deryh wkh fxuuhqw plqlpxp zdjh/ exw
zkhwkhu wklv lv vlpso| d frlqflghqfh ru qrw lv gl!fxow wr nqrz1 Hyhq wkrxjk
zh zrxog fodlp wkdw wkhvh uhvxowv vxjjhvw wkh lpsruwdqfh ri urxqglqj huuru
lq wkh gdwd/ lw lv lpsruwdqw wr qrwh wkdw wkh krxuo| udwh ri 71:8 lv wkh wklug
prvw frpprqo| uhsruwhg ydoxh lq 4<<: dqg 8148 lv wkh wklug prvw frpprqo|
uhsruwhg ydoxh lq 4<<;1 Zh zrxog dujxh wkdw qhlwkhu ri wkhvh qxpehuv/
sduwlfxoduo| 8148/ lv d qdwxudo irfdo srlqw iru vrphrqh uhsruwlqj d zdjh udwh
wkh| duh xqvxuh ri ru zlvk qrw wr uhyhdo1 Zh wdnh wklv dv lqgluhfw hylghqfh
;Zh gr qrw xvh dq| vprrwkhuv rq wkhvh klvwrjudpv e| fkrlfh1 Vlqfh wkh prgho xqghu0
o|lqj rxu dqdo|vlv lv suhglfdwhg rq wkh zdjh glvwulexwlrq qrw ehlqj hyhu|zkhuh frqwlqxrxv/
wkh xvh ri vxfk ghylfhv zrxog qrw eh frqvlvwhqw zlwk wkh wkhru|/ khqfh rxu fulwlflvp ri wkh
frqwlqxlw| dvvxpswlrqv xwlol}hg lq Glqdugr hw do +4<<9,1
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wkdw wkh pdvv srlqw dw wkh plqlpxp zdjh lv d uhdo rqh lq erwk |hduv1<
Iurp wkh deryh wdeoh dqg wkh klvwrjudp/ zh qrwh wkdw wkhuh zhuh vrph
vkliwv lq wkh zdjh glvwulexwlrq ehwzhhq wkh wzr |hduv1 Wkh pdvv srlqw dw
wkh plqlpxp zdjh lq wkh wzr shulrgv lv hvvhqwldoo| frqvwdqw dw 9 shufhqw1
Lq dgglwlrq/ wkh wkhuh pljkw eh wdnhq wr eh vrph ylvxdo hylghqfh wkdw deryh
wkh ydoxh 8148 wkh glvwulexwlrq kdv vkliwhg wrzdugv wkh uljkw wdlo ehwzhhq wkh
wzr |hduv1 Zh vkdoo qrz uljrurxvo| h{dplqh wklv lpsuhvvlrq1
Zh ehjlq rxu e| orrnlqj dw wkh uhodwlrqvkls ehwzhhq wkh hpslulfdo f1g1i1v
lq Pdufk 4<<: dqg Pdufk 4<<;1 Iurp Fruroodu| 7/ zh nqrz wkdw li aIbH
grhv qrw IRVG aIb.> wkhq wkh lqfuhdvh lq wkh plqlpxp zdjh iurp ’71:8 wr
’8148 dfwxdoo| ghfuhdvhg zhoiduh1 Wr frpsxwh wkh uhohydqw hpslulfdo f1g1i1v/
zh xvhg doo krxuo| zdjh revhuydwlrqv iurp Pdufk 4<<: wkdw zhuh juhdwhu
wkdq ru htxdo wr ’71:8 dqg doo krxuo| zdjh revhuydwlrqv iurp Pdufk 4<<;
wkdw zhuh juhdwhu wkdq ru htxdo wr ’81481 Iljxuh 81d frqwdlqv wkh sorwv ri
wkh hpslulfdo f1g1i1v iru wkh wzr |hduv zklfk zhuh frqvwuxfwhg iurp wkhvh
zdjh revhuydwlrqv/ dqg Iljxuh 81e frqwdlqv wkh glhuhqfhv lq wkh f1g1i1v ^l1h1/
aIbH  aIb.‘= Zh vhh wkdw iru doo ydoxhv ri z  7=:8> aIbH  aIb.= Zlwkrxw
frqgxfwlqj irupdo whvwv iru IRVG/ zh wklqn wkdw wkh hylghqfh lv uhodwlyho|
frpshoolqj iru wkh suhvxpswlrq wkdw wkh qhz zdjh glvwulexwlrq uvw rughu
vwrfkdvwlfdoo| grplqdwhv wkh rog1 Krzhyhu/ iurp wklv revhuydwlrq zh fdqqrw
frqfoxgh wkh lqglylgxdov rq wkh vxsso| vlgh ri wkh pdunhw zhuh lq idfw ehwwhu
r lq 4<<; wkdq wkh| zhuh lq 4<<:1
Zh qrz wxuq rxu dwwhqwlrq wr wkh ghwhfwlrq ri vslooryhu dv d uhvxow ri
wkh qhz plqlpxp zdjh1 Zh xwlol}h wkh Nroprjrury0Vpluqry Wzr Vdpsoh
whvw diwhu uhvwulfwlqj erwk vdpsohv ^4<<: dqg 4<<;‘ wr lqfoxgh rqo| zdjh
revhuydwlrqv deryh wkh qhz plqlpxp ^zklfk zdv 8148 lq wklv fdvh‘1 Wkh
uhvxowv duh suhvhqwhg lq Iljxuh 91 Lq wkh wrs sdqho/ zh kdyh judskhg wkh
frqglwlrqdo f1g1i1v iru wkh wzr |hduv1 Wkhuh duh qrwdeoh glhuhqfhv ehwzhhq
wkh wzr/ zklfk pd| eh hdvlhu wr ylhz lq wkh erwwrp sdqho zkhuh zh sorw
aIbH+zmz A 8=48,  aIb.+zmz A 8=48,= Li wkh glhuhqfhv zhuh ohvv wkdq 3 iru
doo ydoxhv ri z A 8=48> wkhq wkh frqglwlrqdo glvwulexwlrq ri zdjhv juhdwhu
wkdq 8148 +ru dw ohdvw wkh hvwlpdwh ri lw, zrxog uvw rughu vwrfkdvwlfdoo|
grplqdwh wkh vdph glvwulexwlrq iru 4<<:1 Zkloh wklv lv wuxh iru prvw ydoxhv ri
z A 8=48> lw lv qrw wuxh iru doo1 Wkhuhiruh/ d uvw rughu vwrfkdvwlf grplqdqfh
uhodwlrqvkls grhv qrw vhhp wr krog/ exw lw grhv vhhp wkdw wkh frqglwlrqdo
glvwulexwlrq lv 4<<; lv pruh vnhzhg wrzdug kljkhu ydoxhv wkdq lv wkh 4<<:
<Iru doorzlqj xv wr pdnh vxfk dq dujxphqw zh duh judwhixo wr wkh X1V1 Frqjuhvv/ zklfk
kdv fkrvhq qrw wr vhw wkh qrq0idup ru xqlhg plqlpxp zdjh dw dq lqwhjhu ydoxh vlqfh 4<:8
+zkhq wkh qrqidup plqlpxp zdjh zdv ’5133 iru d rqh |hdu shulrg,1
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frqglwlrqdo glvwulexwlrq1
Zh frqgxfwhg d irupdo Nroprjrury0Vpluqry whvw rq wkh glvwulexwlrqv
dv zdv ghvfulehg deryh1 Wkh pd{lpxp glvwdqfh ehwzhhq wkh wzr hvwlpdwhg
frqglwlrqdo f1g1i1v lv 1374; lq devroxwh ydoxh1 Jlyhq wkdw rxu ghjuhhv ri
iuhhgrp sdudphwhu lv 935/43 zh irxqg wkdw wkh suredelolw| ri d ydoxh ri
1374; xqghu Kf lv 1;;471 Dffruglqj wr wkh N0V Wzr Vdpsoh whvw/ wkhuh lv qr
vwurqj lqglfdwlrq wkdw wkh frqglwlrqdo glvwulexwlrqv deryh wkh 4<<; plqlpxp
zdjh ohyho fkdqjhg lq dq| pdqqhu1
715 Hpslulfdo Dqdo|vlv xvlqj wkh Pdwfkhg FSV Vdpsoh
Lq wklv vhfwlrq zh hpsor| wkh pdwfkhg vdpsoh ri 7:: lqglylgxdov zkr zhuh
zrunlqj ru dfwlyho| orrnlqj iru zrun lq 4<<: dqg zkr zh zhuh deoh wr pdwfk
lq Pdufk 4<<;1 D qxpehu ri suhylrxv dxwkruv kdyh xwlol}hg dq hyhqw vwxg|
dssurdfk wr orrnlqj dw plqlpxp zdjh hhfwv dw wkh plfur ohyho/ iru h{dpsoh
Hjjh hw do +4<:3,/ Olqqhpdq +4<;5,> Vplwk dqg Ydyulfkhn +4<<5,/ dqg Fxuulh
dqg Idoolfn +4<<9,1 Wkh sxusrvh ri wklv vhfwlrq lv qrw wr shuirup d whvw ri
dq| sduwlfxodu oderu pdunhw prgho/ exw udwkhu wr surylgh vrph ghvfulswlyh
hylghqfh uhjduglqj wkh qdwxuh ri plqlpxp zdjh lpsdfwv rq zdjhv dqg
rwkhu oderu pdunhw rxwfrphv1
Wkh wudqvlwlrqv ehwzhhq oderu pdunhw vwdwhv iurp Pdufk 4<<: wr Pdufk
4<<; duh jlyhq lq Wdeoh 41 Iru wkrvh zkr duh hpsor|hg lq Pdufk 4<<:/ zh
kdyh glvwlqjxlvkhg hpsor|phqw vwdwhv lq whupv ri zkhwkhu dq krxuo| zdjh
fdq eh frqvwuxfwhg ru qrw/ dqg li lw fdq/ wkh ydoxh ri wkh krxuo| zdjh zlwk
uhvshfw wr wkh 4<<: dqg 4<<; plqlpxp zdjh udwhv1 Iru wkh ghvwlqdwlrq
vwdwhv ri Pdufk 4<<;/ zh kdyh doorzhg iru h{lwv lqwr rxw ri wkh oderu irufh
vwdwxv +ghqrwh rwkhu lq wkh wdeoh,/ dqg li hpsor|hg/ zh kdyh glvwlqjxlvkhg
hpsor|phqw vwdwhv lq whupv ri zkhwkhu ru qrw dq krxuo| zdjh fdq eh frq0
vwuxfwhg dqg/ li vr/ wkh ydoxh ri wkh krxuo| zdjh uhodwlyh wr wkh 4<<; plqlpxp
zdjh1 Hdfk fhoo lq wkh wdeoh frqwdlqv wkh qxpehu ri vdpsohv phpehuv zlwk
wkdw ruljlq dqg ghvwlqdwlrq vwdwh/ wkh sursruwlrq ri wkh urz lq wkdw fhoo/ dqg
wkh sursruwlrq ri wkh froxpq lq wkdw fhoo1 Iru h{dpsoh/ wkh fhoo lq wkh xsshu
ohiw0prvw fruqhu lqglfdwhv wkdw ; lqglylgxdov zhuh hpsor|hg dqg sdlg ohvv
wkdq wkh 4<<: plqlpxp zdjh lq Pdufk 4<<: dqg zhuh hpsor|hg dqg sdlg
ohvv wkdq wkh 4<<; plqlpxp zdjh lq 4<<;1 Ri doo lqglylgxdov hpsor|hg dqg
43Zh kdg ? ’ fS dqg ?2 ’ bc vr wkdwu
fSf b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sdlg ohvv wkdq wkh plqlpxp zdjh lq 4<<:/ 5419 shufhqw h{lwhg lqwr wkh
ehorz plqlpxp zdjh hpsor|phqw vwdwh lq 4<<;1 Ri wkrvh sdlg ohvv wkdq
wkh plqlpxp zdjh lq 4<<;/ 6917 shufhqw zhuh hpsor|hg dqg sdlg ohvv wkdq
wkh plqlpxp zdjh lq 4<<:1
Ohw xv qrwh d ihz wklqjv derxw wkh ydulrxv urzv lq wkh gdwd uvw1 Lq
4<<:/ derxw ; shufhqw ri wkh vdpsoh zhuh hpsor|hg dw d zdjh ohvv wkdq
wkh plqlpxp1 Wkh iroorzlqj Pdufk/ wkh pdmrulw| ri wkhvh lqglylgxdov zhuh
hlwkhu rxw ri wkh oderu irufh ru hpsor|hg dw d zdjh kljkhu wkdq wkh 4<<;
plqlpxp ri 81481 Rqo| 5419 shufhqw frqwlqxhg wr eh hpsor|hg dw d zdjh
orzhu wkdq wkh qhz plqlpxp lq 4<<;1 Zkdw kdsshqhg wr wkh 818 shufhqw ri
wkh 4<<: vdpsoh zkr zhuh hpsor|hg dw wkh plqlpxp zdjh ri 71:8B Voljkwo|
ohvv wkdq rqh txduwhu ri wkhvh lqglylgxdov pryhg wr wkh qhz plqlpxp zdjh
ri 8148/ zkloh 8:1: shufhqw pryhg wr d zdjh juhdwhu wkdq 81481 4418 shufhqw
ri wkhvh lqglylgxdov h{lwhg iurp wkh oderu irufh1 Ri wkrvh lqglylgxdov sdlg
d 4<<: krxuo| zdjh ehwzhhq 71:8 dqg 8148/ rqo| 418 shufhqw pryhg wr wkh
qhz plqlpxp zdjh/ zkloh 9:15 shufhqw pryhg wr d zdjh juhdwhu wkdq wkh
qhz plqlpxp1 Voljkwo| ohvv wkdq 8 shufhqw pryhg lqwr xqhpsor|phqw/ dqg
4917 shufhqw pryhg rxw ri wkh oderu irufh1
Zh fdq frqwudvw wkhvh qglqjv zlwk wkh wudqvlwlrqv ri lqglylgxdov zkr
zhuh ruljlqdoo| sdlg dw d udwh juhdwhu wkdq 8148 lq 4<<:1 Rqo| 717 shufhqw
ri wkhvh lqglylgxdov duh sdlg ohvv wkdq ru htxdo wr 8148 lq 4<<;/ zkloh 9;
shufhqw duh sdlg pruh wkdq 81481 Zh vhh wkdw 616 shufhqw pryh lqwr wkh
xqhpsor|phqw vwdwh/ zkloh 44 shufhqw ohdyh wkh oderu pdunhw1 Li zh frpsduh
wkhvh wudqvlwlrq udwhv zlwk wkrvh ri wkh lqglylgxdov ruljlqdoo| sdlg ehwzhhq
71:8 dqg 8148/ zh vhh vrph glhuhqfhv lq wkh gluhfwlrq zh pljkw h{shfw/
wkrxjk wkh| duh qrw odujh1 Iru h{dpsoh/ wkh udwh ri h{lw iurp wkh oderu irufh
lv 144 iru wkh kljkhu sdlg jurxs dqg 1497 iru wkh orzhu sdlg jurxs/ zkloh wkh
xqhpsor|phqw udwh lv 718 shufhqw iru wkh orzhu sdlg jurxs dqg lv 616 shufhqw
iru wkh kljkhu sdlg jurxs1 Qrw vxusulvlqjo|/ lqglylgxdov zlwk d mre sd|lqj dw
ohdvw 8148 lq 4<<: duh pruh olnho| wr eh hpsor|hg dw d mre sd|lqj pruh wkdq
8148 lq 4<<;/ wkrxjk wkh glhuhqfh +19;4 yhuvxv 19:5, lv djdlq qrw odujh1
Wr h{dplqh wkh lq rzv lqwr wkh qhz plqlpxp zdjh ri 8148 zh orrn dw
wkh vhfrqg froxpq ri wkh wdeoh1 Zh vhh wkdw derxw 7: shufhqw ri wkrvh sdlg
wkh plqlpxp zdjh lq 4<<; zhuh dw ru ehorz wkh plqlpxp zdjh lq 4<<:/
zkloh 7415 shufhqw zhuh hpsor|hg dqg sdlg 8148 ru pruh lq 4<<:144 Wkxv
wkh lq rz udwh lqwr wkh qhz plqlpxp zdjh ri lqglylgxdov hpsor|hg lq 4<<:
44Wkhuh zhuh lq idfw qr lqglylgxdov zkr zhuh sdlg 8148 lq erwk 4<<: dqg 4<<;/ vr wkdw
doo ri wkrvh lq wklv fdwhjru| zhuh dfwxdoo| sdlg pruh wkdq 8148 lq 4<<: dqg h{dfwo| 8148 lq
4<<;1
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zdv derxw hyhqo| glylghg ehwzhhq wkrvh sdlg pruh wkdq 8148 lq 4<<: dqg
wkrvh dqg sdlg ohvv1
8 Ohvvrqv iurp Vlpxodwlrqv
Wkh hpslulfdo hylghqfh rq wkh lpsdfw ri fkdqjhv lq plqlpxp zdjhv rq
wkh zdjh glvwulexwlrq lv pl{hg1 Iurp wkh furvv0vhfwlrqdo zdjh glvwulexwlrq
frpsdulvrqv/ lw dsshduv wkdw wkh pdvv srlqw dw wkh ruljlqdo plqlpxp zdjh
ri 71:8 kdv ehhq wudqvihuuhg wr wkh qhz srlqw ri 81481 Ylvxdoo|/ wkhuh zhuh
fohduo| fkdqjhv lq wkh zdjh glvwulexwlrqv lq wkhlu orzhu wdlov1 Zh irxqg qr
vwurqj hylghqfh wkdw wkh frqglwlrqdo glvwulexwlrqv deryh wkh qhz plqlpxp
zdjh ri 8148 fkdqjhg lq dq| pdqqhu dw doo1 Lq wklv vhqvh zh irxqg qr hylghqfh
ri zkdw zh irupdoo| ghqhg dv vslooryhu1 Wkh dqdo|vlv shuiruphg xvlqj wkh
pdwfkhg FSV vdpsoh glg qrw lqglfdwh/ rq wkh idfh ri lw/ d vwurqj uroh iru
plqlpxp zdjh fkdqjhv lq irvwhulqj lqfrph prelolw| dw wkh lqglylgxdo ohyho1
Lq wklv vhfwlrq zh zlvk wr frqvlghu zkhwkhu rxu hpslulfdo qglqjv fdq
eh wdnhq wr lpso| wkdw wkh plqlpxp zdjh fkdqjh ehwzhhq Pdufk 4<<: dqg
Pdufk 4<<; kdg qr ehqhfldo hhfw rq oderu pdunhw sduwlflsdqwv1 Zh dovr
zlvk wr frqvlghu zkhwkhu/ kdg zh irxqg vljqlfdqw lpsdfwv rq zdjhv dqg
lq wkh uljkw gluhfwlrq/ zh zrxog kdyh ehhq mxvwlhg lq dvvxplqj wkdw wkh
plqlpxp zdjh fkdqjh zdv ehqhfldo1
Lq frqgxfwlqj wklv h{huflvh/ zh zloo xwlol}h dv d zhoiduh phdvxuh wkh ydoxh
ri vhdufk jlyhq d plqlpxp zdjh rip> zklfk zh prwlydwhg lq Vhfwlrq 61 Wkh
vlpxodwlrq orrnv dw wkh furvv0vhfwlrqdo zdjh glvwulexwlrq zkhq doo djhqwv duh
lq wkh srsxodwlrq duh lghqwlfdo/ lq wkh vhqvh ri lqkdelwlqj wkh vdph oderu
pdunhw hqylurqphqw1 Zh shuiruphg wkh h{huflvh rqfh xqghu wkh dvvxpswlrq
wkdw wkh pdwfklqj glvwulexwlrq zdv qhjdwlyh h{srqhqwldo dqg wkh rwkhu wlph
xqghu wkh dvvxpswlrq wkdw wkh J zdv orj qrupdo1 Uhfdoo wkdw vlqfh wkh
ghqvlw| ri wkh qhjdwlyh h{srqhqwldo kdv wkh vhsdudelolw| surshuw| jlyhq lq
Sursrvlwlrq 9 +frqglwlrq 4,> wkhuh lv qr vslooryhu hhfw ri plqlpxp zdjh
fkdqjhv1 Vlqfh wkh orj qrupdo ghqvlw| grhv qrw kdyh wklv surshuw|/ vslooryhu
hhfwv ri plqlpxp zdjh fkdqjhv jhqhudoo| zloo eh revhuyhg lq wklv fdvh1
Wkh sdudphwhu ydoxhv dvvxphg iru wkh oderu pdunhw hqylurqphqw lq wkh wzr
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Prvw ri wkh sdudphwhu ydoxhv duh vlplodu wr wkrvh wkdw kdyh ehhq rewdlqhg
lq lqlwldo dwwhpswv wr hvwlpdwh wkh htxloleulxp prgho xvlqj FSV gdwd dv
uhsruwhg lq Iolqq +4<<<,1 Wkh  rz sdudphwhuv vkrxog eh wkrxjkw ri dv
phdvxuhg lq prqwko| xqlwv> wkxv wkh dvvxpswlrq wkdw  @ =5 lpsolhv wkdw
wkh dyhudjh gxudwlrq ehwzhhq mre rhuv wr dq xqhpsor|hg vhdufkhu lv 8
prqwkv dqg wkh glvvroxwlrq udwh ri 138 lpsolhv wkdw mrev odvw 53 prqwkv rq
dyhudjh1
Zh dvvxph wkdw wkh fxuuhqw plqlpxp zdjh lv 8/ zklfk lv d elqglqj
plqlpxp zdjh xqghu erwk glvwulexwlrqdo dvvxpswlrqv1 Zh qg wkdw xqghu
wkh orj qrupdo glvwulexwlrqdo dvvxpswlrq/ wkh zhoiduh ydoxh dvvrfldwhg zlwk
p @ 8 lv htxdo wr 61:37/ zkloh xqghu wkh h{srqhqwldo lw lv 617:7 ^qrwh wkdw
lw lv qrw phdqlqjixo wr frpsduh wkhvh wzr ydoxhv‘1 Vlqfh wkh plqlpxp zdjh
lv elqglqj lq erwk fdvhv/ zh nqrz wkdw wkh revhuyhg zdjh glvwulexwlrq zloo
kdyh d vslnh dw 81 Wklv lv looxvwudwhg lq wkh sorwv ri wkh uhvshfwlyh f1g1i1v
zklfk dsshdu Iljxuhv :1d dqg :1e1
Zh qrz frqvlghu wkh lpsdfw ri lpsrvlqj rqh ri wzr dowhuqdwlyh plqlpxp
zdjhv rq wkh oderu pdunhw ^zkhuh wkh oderu pdunhw lv vxppdul}hg e| rxu
wdeoh ri ydoxhv deryh‘1 Wkh uvw dowhuqdwlyh frqvlvwv ri udlvlqj wkh plqlpxp
zdjh e| 83 shufhqw/ wr :183/ zkloh wkh vhfrqg lv dq hyhq pruh udglfdo fkdqjh
ri 433 shufhqw/ wr 431331 Wkh zhoiduh ydoxhv dvvrfldwhg zlwk hdfk ri wkh vl{
fdvhv frqvlghuhg lv
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Zh kdyh gholehudwho| fkrvhq sdudphwhu ydoxhv dqg plqlpxp zdjh udwhv vr dv
wr dwwdlq wkh uhvxow wkdw zkloh d plqlpxp zdjh fkdqjh wr :183 lv ehqhfldo
xqghu hlwkhu glvwulexwlrqdo dvvxpswlrq/ dq lqfuhdvh wr 43133 uhvxowv lq d orzhu
ohyho ri zhoiduh wkdq xqghu wkh vwdwxv txr ri 81331
Wkh sorwv ri wkh zdjh f1g1i1v xqghu wkh dowhuqdwlyh plqlpxp zdjh ohyhov
duh suhvhqwhg lq :1f0:1i1 Dv zh nqrz iurp wkh prgho vwuxfwxuh/ wkh vslnhv
dw wkh plqlpxp zdjh jhw surjuhvvlyho| juhdwhu dv wkh plqlpxp zdjh lv
lqfuhdvhg1 Krzhyhu/ lw lv fohdu wkdw wkh xqghuo|lqj zhoiduh ohyho lv qrw prqr0
wrqlfdoo| lqfuhdvlqj lq wkh vl}h ri wkh vslnh/ vr wklv lv qrw d xvhixo fulwhuld wr
xvh lq mxgjlqj wkh ehqhyrohqfh ri d plqlpxp zdjh fkdqjh1
Zh kdyh judskhg wkh glhuhqfhv lq wkh fxpxodwlyh zdjh glvwulexwlrqv
dvvrfldwhg zlwk wkh sursrvhg qhz plqlpxp zdjhv ri :=83 dqg 43133 dqg
wkdw dvvrfldwhg zlwk wkh fxuuhqw plqlpxp zdjh ri 8=33 lq Iljxuh ;1 Lq doo
irxu sdqhov zh revhuyh wkdw wkh qhz zdjh rhu glvwulexwlrq vwrfkdvwlfdoo|
grplqdwhv wkh rog rqh1 Dv zh nqrz/ zhoiduh dv lq idfw rqo| lqfuhdvhg lq wzr
ri wkh irxu fdvhv/ krzhyhu1
Iljxuh < frqwdlqv udwlrv ri wkh frqglwlrqdo f1g1i1v dvvrfldwhg zlwk wkh wzr
sursrvhg qhz plqlpxp zdjhv wr wkh frqglwlrqdo f1g1i1 dvvrfldwhg zlwk wkh
edvholqh plqlpxp zdjh xqghu erwk glvwulexwlrqdo dvvxpswlrqv1 Iljxuhv <1e
dqg <1g fruuhvsrqg wr wkh qhjdwlyh h{srqhqwldo fdvh1 Wkh htxdolw| ri wkh
frqglwlrqdo glvwulexwlrqv xqghu wklv glvwulexwlrqdo iroorzv iurp rxu dqdo|wlf
uhvxowv deryh1 Wkh lpsruwdqw srlqw wr qrwh lq wklv fdvh lv wkdw wkh devhqfh
ri vslooryhu/ dv zh kdyh irupdoo| ghqhg lw/ grhv qrw lqglfdwh wkh devhqfh
ri zhoiduh hhfwv lq wkh srsxodwlrq dw odujh1 Zh nqrz wkdw lq wkh fdvh
uhsuhvhqwhg lq Iljxuh <1e/ dowkrxjk wkhuh zdv qr vslooryhu zkhq prylqj
iurp p @ 8 wr p @ :=83> wkhuh zdv d srvlwlyh zhoiduh jdlq1 Frqyhuvho|/ wkh
fdvh ri qr vslooryhu uhsuhvhqwhg lq Iljxuh :1g fruuhvsrqghg wr d zruvhqlqj ri
wkh zhoiduh ri srsxodwlrq phpehuv1 Wkh ohvvrq iurp wklv lv wkdw zkhq wkh
frqglwlrqv ri Sursrvlwlrq 9 duh vdwlvhg/ fkdqjhv lq wkh frqglwlrqdo zdjh
glvwulexwlrqv fdqqrw uhyhdo dq|wklqj derxw ixqgdphqwdo zhoiduh fkdqjhv/
rqfh djdlq/ dv zh kdyh ghqhg lw1
Xqghu wkh orj qrupdolw| dvvxpswlrq/ zh nqrz iurp Sursrvlwlrq 9 wkdw
wkh frqglwlrqdo f1g1i1v zloo rqo| eh sursruwlrqdo li wkh ydoxhv ri vhdufk xqghu
wkh glhuhqw plqlpxp zdjhv duh wkh vdph/ zklfk wkh| duh qrw1 Iljxuhv
<1d dqg <1f frqup wkh idfw wkdw vslooryhu h{lvwv lq wklv fdvh1 Zh dovr qrwh
wkh iroorzlqj lqwhuhvwlqj uhvxow1 Wkh judsk lq Iljxuh <1d sorwv wkh iroorzlqj
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zkhuh wkh frqglwlrqdo fxpxodwlyh glvwulexwlrq ixqfwlrq lq wkh qxphudwru fru0
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uhvsrqgv wr wkh uhjlph lq zklfk wkh plqlpxp zdjh lv vhw dw :183 dqg wkh
frqglwlrqdo f1g1i1 lq wkh ghqrplqdwru fruuhvsrqgv wr wkh uhjlph lq zklfk
wkh plqlpxp zdjh lv vhw dw 81331 Wkh idfw wkdw wklv udwlr lv prqrwrqlfdoo|
ghfuhdvlqj iurp d ydoxh juhdwhu wkdq 4 dqg dv|pswrwlfdoo| dssurdfklqj 4
iurp deryh lqglfdwhv wkdw wkh frqglwlrqdo f1g1i1 dvvrfldwhg zlwk p @ 8
uvw rughu vwrfkdvwlfdoo| grplqdwhv wkh frqglwlrqdo f1g1i1 dvvrfldwhg zlwk
p @ :=83= Zkloh rqh pljkw lqwhusuhw wklv uhvxow wr lpso| wkdw wkh frqgl0
wlrqdo zdjh rhu glvwulexwlrq dvvrfldwhg zlwk p @ 8 lv ehwwhu wkdq wkh
rqh dvvrfldwhg zlwk p @ :=83> zh nqrz wkdw wklv lv qrw wkh fdvh1 Iljxuh
:1f ghprqvwudwhv wkh frqyhuvh uhvxow1 Lq wkdw fdvh/ wkh frqglwlrqdo zdjh
glvwulexwlrq dvvrfldwhg zlwk p @ 43 uvw rughu vwrfkdvwlfdoo| grplqdwhv wkh
rqh dvvrfldwhg zlwk p @ 8> krzhyhu/ wkh zhoiduh ohyho dvvrfldwhg zlwk wkh
grplqdwhg frqglwlrqdo zdjh glvwulexwlrq lv kljkhu1
9 Frqfoxvlrq
Zkloh lw lv whpswlqj wr lqihu wkh zhoiduh hhfwv ri plqlpxp zdjh fkdqjhv
iurp hpslulfdo revhuydwlrqv rq suh0 dqg srvw0 fkdqjh zdjh glvwulexwlrqv/ lq
wklv h{huflvh zh kdyh dwwhpswhg wr srlqw rxw wkh kd}dugv ri grlqj vr1 Zh
kdyh irfxvhg rq zdjh glvwulexwlrqv lq wklv sdshu/ exw wklv vwdwhphqw dssolhv
zlwk htxdo irufh wr wkh fdvh lq zklfk wkh odfn ri fkdqjh lq hpsor|phqw ohy0
hov iroorzlqj d plqlpxp zdjh lqfuhdvh lv wdnhq wr lpso| zhoiduh lqfuhdvhv1
Wkh zhoiduh fulwhulrq xwlol}hg lq wklv sdshu/ zklfk lv prwlydwhg e| d vlpsoh
htxloleulxp pdwfklqj dqg edujdlqlqj prgho/ uh hfwv erwk hpsor|phqw sure0
delolw| dqg zdjh glvwulexwlrq hhfwv ri plqlpxp zdjh fkdqjhv dqg khqfh
lv suhihudeoh wr dq| phdvxuh zklfk wdnhv lqwr dffrxqw rqo| hpsor|phqw ru
zdjh lqirupdwlrq1 Zkloh wkh ydoxh ri wkh zhoiduh phdvxuh zh kdyh fkrvhq
lv rshq wr txhvwlrq/ zh zrxog dujxh wkdw zkdwhyhu phdvxuh lv qdoo| fkr0
vhq/ d irupdo prgho ri wkh oderu pdunhw lv uhtxluhg lq rughu wr phdqlqjixoo|
lqwhusuhw plqlpxp zdjh lpsdfwv rq oderu pdunhw rxwfrphv1
Wkh vpdoo hpslulfdo dssolfdwlrq zh kdyh suhvhqwhg xvhixoo| vxppdul}hv
wkh jhqhudo srlqwv zh zlvk wr pdnh1 Iluvw/ wkh idfw wkdw wkh zdjh rhu glv0
wulexwlrq lq 4<<; uvw rughu vwrfkdvwlfdoo| grplqdwhv wkh 4<<: zdjh rhu
glvwulexwlrq grhv qrw qhfhvvdulo| lpso| dq lqfuhdvh lq zhoiduh1 Vhfrqg/ zkloh
zh irxqg qr hylghqfh ri vslooryhu uhvxowlqj iurp wkh plqlpxp zdjh lqfuhdvh
ri Vhswhpehu 4<<:/ zlwklq wkh frqwh{w ri rxu prgho wklv frxog rqo| eh wdnhq
wr lpso| wkdw wkhuh zhuh qr zhoiduh hhfwv ri wkh plqlpxp zdjh lqfuhdvh li
wkh pdwfklqj glvwulexwlrq vdwlvhg frqglwlrq 4 ri Sursrvlwlrq 51 Wr ghwhu0
plqh zkhwkhu ru qrw wklv lv wkh fdvh uhtxluhv wkdw vshflf whvwv eh frqgxfwhg
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xvlqj lqirupdwlrq iurp wkh zdjh glvwulexwlrq deryh wkh plqlpxp ru wkdw
wkh htxloleulxp prgho eh gluhfwo| hvwlpdwhg dqg whvwhg1 Wklug/ zh kdyh
ghprqvwudwhg wkdw hpsor|phqw udwh ghfolqhv duh shuihfwo| frqvlvwhqw zlwk
lqfuhdvhv lq zhoiduh1 Ilqdoo|/ zh kdyh vkrzq wkdw wkh h{lvwhqfh ri vslooryhu
hhfwv grhv qrw lpso| wkdw d jlyhq plqlpxp zdjh fkdqjh zdv ehqhfldo1
Vslooryhu fdq eh jrrg ru edg/ dqg fdq rqo| eh mxgjhg dv ehqhfldo zlwklq d
sduwlfxodu prgho ri wkh oderu pdunhw1
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9904331
^45‘ Qhxpdun/ G1 dqg Z1 Zdvfkhu1 Plqlpxp Zdjh Hhfwv rq Vfkrro dqg
Zrun Wudqvlwlrqv ri Whhqdjhuv1 Dphulfdq Hfrqrplf Uhylhz ;8 +4<<8,=
577057<1
^46‘ Udr/ F1U1 Olqhdu Vwdwlvwlfdo Lqihuhqfh dqg Lwv Dssolfdwlrqv/ Vhfrqg Hgl0
wlrq1 Qhz \run= Mrkq Zloh| dqg Vrqv/ 4<:61
^47‘ Vplwk/ U1 dqg E1 Ydyulfkhn1 Wkh Zdjh Prelolw| ri Plqlpxp Zdjh
Zrunhuv1 Lqgxvwuldo dqg Oderu Uhodwlrqv Uhylhz 79 +4<<5,= ;50;;1
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